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TRANSACTIONS OF THE SOCIETY OF RHEOLOGY VOL. I, 1-2 (1957) 


Presentation of the Bingham Medal to Arthur V. 
Tobolsky 


HUGH 8S. TAYLOR,* Professor of Chemistry and Dean of the 
Graduate School, Princeton Universily, N. J. 


Princeton University fell heir to the medalist through the insistence 
of Professor Harold C. Urey that a student born in New York City in 
1919 and attaining his A. B. degree in Columbia University at the 
age of 21, with triple honors in Chemistry, Mathematics, and Physics, 
was entitled to graduate training in the residential Graduate School of 
Princeton University. It is not surprising that, two years later, he 
qualified for the A. M. degree in 1942 and became the Jacobus Fellow, 
the highest distinction among graduate students in Princeton. One 
year later he proceeded to the degree of Ph.D., as with the A.M. 
degree in Physics and Physical Chemistry. 

His training under Henry Eyring set the stage for his own first 
major achievement, an analysis of the factors operative in the visco- 
elastic behavior of natural and synthetic rubber stocks. Out of that 
analysis emerged the conviction that stress relaxation at constant ex- 
tension was intrinsically easier to analyze theoretically than exten- 
sion of elastomers at constant load. It was fortunate that Drs. 
John H. Dillon and I. B. Prettyman of Firestone Tire and Rubber 
Company were able immediately to translate the theoretical predic- 
tion into experimental measurements, which abundantly confirmed 
the theoretica] analysis. It was possible to describe the relaxation 
of stress with time among a wide variety of polymers. The influences 
of chain scission and crosslinking were revealed in the net relaxa- 
tion observed. He introduced the concept of multiplication of 
stress by 298/7 to obtain reduced values. His contributions to this 
field have been extensive. He has worked out a rationale with an 
elegance entirely superior to anything previously expressed. The 

* Read by J. H. Dillon. 
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extreme generality of the phenomena has been exhibited by the 
medalist and his co-workers with vinyl and diene polymers, poly- 
sulfide rubbers, polyisobutylene, polyethylene, silicones, amorphous 
and crystalline polymers, and natura! fibers such as wool. Quite 
recently he reviewed the results of more than a decade of work in this 
field and gave a general formulation of the elastoviscous properties 
for amorphous, crystalline, and certain natural polymers as well as 
for polyelectrolytes. It is evident that, in his chosen field, the 
medalist blazed new pathways, years ahead of his contemporaries. 

Toward midnight one night during World War II, in a discussion 
arising from queries addressed to the writer, there emerged a for- 
mulation of what now seems so obvious, namely, that the steps in a 
depolymerization process were the entire reverse of the chain proc- 
esses in polymerization, resulting in the dropping of monomer units 
from a depolymerizing radical. This observation led to studies of 
simultaneous polymerization-depolymerization reaetiens and to 
oxidation effects in aging and degradation of polymers. The concept 
of simultaneous scission and crosslinking originally introduced to 
explain the physical changes in polymers produced by high tempera- 
tures and oxygen now plays a vital role in the interpretation of 
changes produced in polymers by high-energy radiation. 

In the development of these polymer studies, the medalist worked 
for a number of years in close association with Dr. Herman Mark, 
collaborating with him in the writing of the second edition of the 
standard text, Physical Chemistry of High Polymeric Systems. In 
the period 1948-50 he served as Assistant Director of Research at 
Textile Research Institute, while continuing his teaching and re- 
search at Princeton University. For a year he acted as Assistant 
Director to Dr. Mark in the Brooklyn Polytechnic Institute and was 
for that year, 1950-51, Professor of Chemistry there. He returned 
to Princeton in 1951 and became a Higgins Associate Professor of 
Chemistry in the spring of 1953. Since his return the tempo of his 
research activity has notably increased and he has become a leader 
in research output among the younger generation in chemistry at 
Princeton. There are some three decades of useful life ahead which 
Princeton hopes to share with him. The Society of Rheology has 
earned the thanks of Princeton University and his colleagues in se- 
lecting for the award of the Bingham Medal a worthy successor to 
Henry Eyring, its earlier Princeton choice, this time Arthur Victor 
Tobolsky. 
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The Tackiness of Liquid Adhesives 


J.J. BIKERMAN, Department of Civil and Sanitary Engineering, 
Massachusetts Institute of Technology, Cambridge 39, Mass. 


I. INTRODUCTION 


The existence of a close relationship between tackiness and Stefan’s 
“apparent adhesion’’! was suggested earlier. In particular, for New- 
tonian liquids these two quantities should be equal in a wide range of 
the applied stresses. However, the experimental confirmation of the 
proposed equality was not satisfactory. Thus, Green* (who did not 
know Stefan’s work) empirically found an equation which, it is 
true, was similar to Stefan’s formula but not identical with it; Heide- 
broek‘ claimed that, contrary to the theory, the results were affected 
by the nature of the solid adherends and by liquid properties other 
than viscosity; Banks and Mill’ published observations supposed to 
show that bubble formation was more important for tackiness than 
viscosity was; and so on. In view of these disagreements another 
experimental study of the tackiness of Newtonian liquids seemed in- 
dicated. 


Il. THEORY 


Consider two plane and parallel solid plates, as in Figure 1, im- 
mersed in a Newtonian liquid. When a force is applied to the plates, 
pulling them apart (indicated by the vertical arrows in the figure), 
a pressure difference is established between the periphery and the 
center of the liquid film, and the liquid flows toward the axis of the 
plates as illustrated by the horizontal arrows. The rate of this 
centripetal flow is governed by the geometry of the system and the 
viscosity of the liquid; and, in its turn, that rate governs the rate of 
separation of the plates. If f is the applied stress (= pull), r the 
radius of the plates, and 7 the viscosity, then the distance between the 


. 
» 
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plates increases from 6 to 4, in ¢ seconds, and ¢ is given by Stefan’s 


equation : 
3yr? (1 l 
t= — (; _ ) (1) 
4f 5? 6,” 


As 4, in all experiments was much greater than 6, equation (2): 
ft = 3nr*/46* (2) 
may be used instead of (1). 

In some of our experiments the plates were not immersed in a 
liquid; the liquid filled only the clearance between the plates and 
formed a meniscus around the clearance. As only wetting liquids were 
used, the meniscus was concave toward the atmosphere and, con- 


sequently, the pressure in the liquid was smaller than the atmos- 
pheric pressure. The difference was (Laplace’s formula): 


AP = 27/6 (3) 


if y denotes surface tension. This value has to be subtracted from 
the experimental magnitude of f, whence the equation: 


: *) 3nr? 
-2):-<= 4 
(1 3 482 (4) 


results as a counterpart of (2). 


Ill. EXPERIMENTATION 
(a) Apparatus 


In principle, the apparatus reproduced the system shown in Figure 
1; the upper plate was rigidly fixed and the lower plate was pulled 
downward by a weight. 

The actual instrument is illustrated in Figures 2 and 3. The three 
vertical columns support the top plate (1) (steel), 2.54 em. thick 
and 20.3 cm. in diameter; the base plate (2) whose function is only to 
keep the columns in place, rests on 3 leveling screws. The top plate 
is symmetrically perforated by 3 threaded holes 4.1 cm. from the axis. 
The upper working plate (3) (hereinafter designated as disc) also 
carries 3 threaded holes 4.1 cm. from the center so that it can be 
screwed to the lower surface of the top plate. 

The lower “plate” (4) has a stem (5), as indicated in Figure 1; 
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i] 


hence, this part is called mushroom in the following. Fhe mushrooms 
had diameters of 5.08 cm.; their plates were about 1.3 cm. thick, and 
their stems were threaded both inside and outside so that the load 
could be applied either through a large universal joint surrounding the 
stem or to a chain (as in Figs. 2 and 3) attached to a male screw in the 
body of the stem. 





Be J 








| 


Fig. 1. Scheme of the experiment. When pull is applied in the direction of the 
verticle arrows, the liquid moves toward the axis, as indicated by the horizontal 
arrows. 


10 





Fig. 2. The instrument during the first stage of the experiment. 
the meaning of the numbers. 


See text for 
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Each experiment consisted of two steps: first the mushroom, with a 
drop of liquid on it, was pressed against the disc; and then it was 
pulled away from the disc. Figure 2 illustrates the first, and Figure 
3 the second step, but the arrangement for pressing is more easily 
seen on Figure 3. It consisted of a 3-ray steel star (6) resting on the 
upper plate; three vertical holders (7) welded to the external ends of 
the rays and each carrying two ball bearings (8); three steel bars (9) 





Fig. 3. The instrument during the second stage of the experiment. See text 
for the meaning of the numbers. 


freely movable in a vertical plane about the shafts of the 3 pairs of 
ball bearings; and a steel ring (10) which could be placed on and re- 
moved from the bars; Figure 2 shows it in place, while Figure 3 shows 
the bars freely hanging after the removal of the ring. 

When the ring was pressing on the exterior ends of the bars, their 
interior ends pressed the mushroom against the disc; the screws (11) 
passing through the bars served to place the mushroom in a position in 
which each of the bars transmitted one-third the total force. 

In the experiments on which Tables II to V are based, 0.023 em.* 
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medicinal paraffin oil was placed on the central area of the mushroom, 
and the mushroom pressed with a force of 2.70 X 10° g. cm./sec.? 
(+1%) against the bottom of the disc for a time equal to 2007 seconds, 
if 7 is the viscosity of the oil in g./cm. sec.; see Section b below. 


(b) Suitability of the Apparatus 


The instrument shown in Figures 2 and 3 was built to test equation 
(2), and it is necessary to examine whether the assumptions implied 
in this equation are fulfilled by the actual apparatus. 

Quantity f in equation (2) is calculated as f = W/xr?, W being the 
load and -r* the area of the mushroom plate. This equation is 
correct only if the working metal surfaces are horizontal. The hori- 
zontality was checked with a spiritus level sensitive to about 0.02°. 
Fortunately, deviation from horizontal position was noticeable in the 
experiment itself; as the disc (3 in Fig. 3) was larger than the mush- 
room, the latter slid toward an edge of the disc as soon as there was a 
tilt. The tilt required to cause sliding was not determined but a 
deliberate tilt of 0.12° gave rise to a much quicker sliding than was 
ever observed in the regular experiments. The time of fall, i.e., ¢ in 
equation (2), usually was long when the mushroom slid, and all ex- 
periments in which sliding was noticed were disregarded. 

Strictly speaking, equation W = zr*f implies that the weight was 
uniformly distributed over the whole area of the mushroom. In 
reality it was concentrated near its axis. Obviously, a nonaxial load- 
ing would introduce a peeling component. To examine this possibility, 
the system was deliberately made asymmetrical by sticking small 
pieces of solder to various parts of the mushroom; as no effect on ft was 
discerned, it is believed that the casual asymmetry of the system was 
insignificant. 

Equation (2) assumes that the liquid flows between two plane and 
perallel walls. The two working surfaces of steel and copper were 
machined, lapped, and then hand-polished on silicon carbide paper 
and with alumina suspension until the major part of them showed 
only one interference color when an optical flat was placed on the 
surface; the one-color field usually was surrounded by about two 
interference fringes. Thus the surfaces were flat within about 0.3 
micron over the central part and within about 1 micron elsewhere. 

When a disc or mushroom showed many (say, over 10) interference 
fringes in contact with the optical flat, the measured ft was significantly 
smaller than when the number of fringes was, e.g., four. 
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When a spacer (a 23 micron thick piece of cellophane foil) was placed 
at one spot between the rim of the mushroom and the disc, the 
product ft was approximately one-third its usual value. The effect 
seems unexpectedly large if it is remembered that the insertion of 
cellophane raised the angle between the two metal surfaces from zero 
to 0.03° only, but its magnitude is readily understood if, instead of 
the angle, the dimensions of the clearance are considered: in the 
regular experiments (without spacer) of this type the clearance was 5 
microns; thus the liquid film in the presence of spacer was 5 microns 
thick at one end of the capillary slit and 23 microns at the opposite 
end; no wonder that Stefan’s equation was not applicable. 

Additional curvature undoubtedly was caused by the axial loading 
of the mushroom, which made its upper surface concave toward the 
liquid film; but the depth of this “cup”’ was shown, by calculation, to 
be insignificant. 

The thickness 6, see equation (2), depended on the magnitude and 
duration of the pressure tending first to spread the drop (see Section 
Illa above) and then to squeeze out the liquid. Unless specifically 
noted, the mushroom face was completely covered by the liquid before 
a pull was applied. 

The duration of the application of pressure was varied according 
to temperature so as to maintain the ratio of duration to the viscosity 
of the liquid constant; that would give a value of 6 independent of 
temperature. 


(c) Materials 


The copper dises were made from “electrolytic tough pitch copper” 
donated by Chase Brass & Copper Company and stress-relieved here 
at 371°C. for 100 minutes. The copper mushrooms were machined 
from round, hard-drawn rods. 

The stainless-steel discs were donated by U. 8. Steel Corporation; 
they were Type 302. The steel mushrooms were supplied by Lord 
Manufacturing Company; their type was 304. 

The International Nickel Company, Inc. supplied nickel discs of 
various degrees of roughness; the material was low-carbon nickel con- 
taining about 0.5% other elements. The nickel mushrooms were 
made in the shop of Lord Manufacturing Company. 

The vacuum oil was of the type used for vacuum pumps; its vis- 
cosity was 7.40 and 9.35 g./cem. sec. at 25 and 21°, respectively. The 
viscosity of the medicinal paraffin oil was determined at 1° intervals 
with the results collected in Table I. 
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TABLE I 
Viscosity of Medicinal Paraffin Oil (Nujol) 


Viscosity, Viscosity, 
Temp., °C. g./em. sec. Temp., °C. g./em. sec. 
21 1.91 27 1.29 
22 1.79 28 1.21 
23 1.68 29 1.14 
24 1.57 30 1.07 
25 1.47 31 1.00 
26 1.38 


IV. RESULTS 
(a) ft Is Independent of f 


According to equation (2), the product (ft) of the stress f and time ¢ 
should be independent of stress. Tables II and III confirm this 
prediction within the whole range of stresses convenient for the 
experiment; at smaller stresses, ¢ was too long, and for too large 
stresses the apparatus was not sturdy enough. Because the stainless- 
steel discs often developed cracks of about 1 cm. length and about 20 
microns deep after the application of the highest stress (0.383 bar, 
see Table II), the product ft obtained in these experiments was dis- 
regarded when calculating the value listed in Table IV. hy», is the 
root-mean-square average of the hill heights on the solid surface, as 
measured with a stylus instrument. 


TABLE II 
Stress f and Product of Stress and Time, ft 
Polished stainless-steel plates (h,,,, near 0.08 micron). Paraffin oil, 0.023 em.*. 
Averages of 12-24 measurements. Average temperature 28.1°. 


I, ft, I, jt, 
g./cm. sec.? g./cm. sec. g./em. sec.? g./cm. sec. 
x 10? x 10° x 108 x 10° 
135 23 1060 20 
246 23 1715 21 
472 20 3830 18 

736 19 


(b) ft Is Independent of the Solid 


As the movement occurs in the liquid phase only, the material of 
mushroom and disc should not affect the results. This conclusion is 
confirmed by Table IV, although the value for stainless steel seems 
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to be a little low. The copper surfaces were a little rougher (0.12 
micron) than those of steel (0.03 micron) and nickel (0.05-0.10 
micron). 


TABLE III 
Stress f and Product of Stress and Time, ft 
Polished nickel mushroom (h,,,, = 0.05-0.1 micron) and nickel dise of hrm, = 
0.22 micron. Paraffin oil, 0.023 cm.*. Average of 9 measurements. Average 
temperature 27.2°. 


Sf St, J, St, 
g./em. sec.” g./em. sec. g./em. sec.” g./em. sec. 
x 10? x 10° x 10? x 106 
144 11 745 13 
255 14 1070 14 

480 14 


TABLE IV 
Stress f and Product of Stress and Time, ft 
Polished metals. Paraffin oil, 0.023 em.?. 


Temp., 
Metal Average of ft “< 
Stainless steel. . : 4-6 series 21.0 X 10° 28.1 
Nickel. . i 4 series 22.5 27.5 
Copper... .. shghdsitag at 4 series 23.4 28.7 


(c) ft Depends on Surface Roughness 


The movement of the liquid outward during the application of 
pressure and inward during the pull may be expected to be influenced 
by rugosity.° The effect of rugosity on tackiness deserves study also 
because some earlier discrepancies between the experiment and 
Stefan’s theory were attributed to roughness.’ 

This effect was tested on two series of samples. In one, a stain- 
less-steel plate of h,,, = 0.03 micron was compared with the same 
plate which was roughened to h,», = 0.08 micron by 96 strokes of a 
Cardorundum paper No. 180. The product ft was about 10% less 
after than before coarsening, which is hardly significant. 

In the other series, discs of nickel finished to 7 different degrees of 
roughness were paired with polished nickel mushrooms. The results 
are collected in Table V. The disc having h,,,, = 0.675 was not flat, 
as seen with a “straight edge’; this presumably accounts for its low 
ft value. 

The pronounced effect of surface roughness confirms the view that 
the apparent failure of Stefan’s equation might be due to the disregard 
of rugosity. 
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TABLE V 
Product of Stress and Time, ft, and Surface Roughness 
Polished nickel against nickel of varying rugosities. Paraffin oil, 0.023 cm... 


Surface roughness, ft, 

hems, Microns g./em. sec. X 10° Temp., °C. 
0.05-0. 10 22.5 27.4 
0.05-0.10 24.5 26.3 
0.225 13.3 28.5 
0.675 3.2 27.6 
2.0 3.8 27.8 
6.0 0.8 27.5 
18.0 0.1(?) 27.2 


The reproducibility of the ft values was better for rough than for 
smooth surfaces. For instance, for h,m, = 6 microns and f = 255 X 
10? baryes, time ¢ in three determinations on one day varied in the 
ratio 1:1.13, while for h,,»,» = 0.1 micron the variation was 1: 1.28 and 
1:1.95 on two consecutive days. Apparently, the movement of oil 
along the deep valleys of a rough surface is less subject to chance than 
that between two surfaces whose profile is significantly affected by 
every dust particle. An approximate calculation may show what 
fraction of the oil applied was present in the grooves. The geometric 
contact area of mushroom and disc was 20 cm.*?; assume that the 
valleys occupied half the area, i.e., 10 cm.*; let the average depth be 
6 microns; the volume then was 0.006 cm.*. Thus, a large fraction of 
the oil (whose total volume was 0.023 cm.*) was spent on filling the 
grooves. 


(d) Temperature Coefficient of /t 


The temperature coefficient of ft should be equal to that of vis- 
cosity 7. The range of room temperatures at which ft was measured 
permits an approximate confirmation of this expectation. Thus (for 
polished steel), ft was 18 X 10° when the average room temperature 
(on 2 days) was 29.9 and 30.0°, while it was 23 X 10° when this 
temperature (again on 2 days) was 26.2°. The ratio 23:18 is equal to 
that of the viscosities at 26.2 and 30.0° (see Table I). 


(e) ft and Wetting 


Stefan’s equation presupposes perfect wetting. When a steel sur- 
face was polished with an aqueous suspension of alumina and then 
washed first with soap and water and then with distilled water, 
paraffin oil did not properly spread on it, and after a measurement of 
ft the oil could be seen gathered in minute droplets. In all these in- 
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stances the value of ff was only a fraction (e.g., one quarter) of the 
usual value. In the regular experiments the surfaces were rinsed 
with freshly distilled carbon tetrachloride or trichloroethylene before 
each application of oil. 


(f) Film Thickness 


The thickness 6 of the liquid film can be calculated from ft and 
viscosity 7 by the equation: 


& = (3n/ft)'’” (r/2) (5) 


which is equation (2), rewritten. The radius r was 2.54 em. in all 
experiments. In the major part of the experiments, when the paraffin 
oil volume was 0.023 cm.* and the duration of pressure was 200n sec. 
(as mentioned in section IIIa above), the film thickness was approxi- 
mately 5 microns. Thus, for the experiment referred to in IVd 
above, ft = 23 K 10° and » = 1.36 (at 26.2°) afford 6 = 5.3 K 10-4 
em. The volume of oil was sufficient to cover the mushroom with a 
layer 11 microns thick; thus, half the oil was squeezed out before pull 
was applied. 

The effect of oil volume and pressure time is illustrated by Table VI, 
in which some experiments carried out at near temperatures are com- 
pared; the ft are for polished stainless steel except the first line, which 
includes also a test on polished nickel. It is seen that increase of oil 
volume has little effect, while 6 is markedly smaller when the volume is 
less at a constant duration of pressure; when this duration is small, less 
oil is squeezed out, and 6 is considerably greater. 


TABLE VI 
Effect of Oil Volume and Pressure Duration on ft and 6 (Paraffin Oil) 


Oil Pressure 

vol., duration, Temp., 

em.? sec. ft °C. 6, microns 
0.046 200n 25 x 10° 25.5 §.2 
0.023 200n 23 26. 5.3 
0.011 200n 31 26.4 4.6 
0.011 677 17 26.2 6.3 


Table VII is analogous to Table VI but reproduces values for a 
more viscous liquid (a vacuum oil); it is seen that high » causes large 
t values even though 4 is large. 
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TABLE VII 
Effect of Oil Volume and Pressure Duration on ft and 6 (Vacuum Oil) 


Pressure 
Oil vol., duration, Temp., 
em.* sec. ft A 6, microns 
0.033 13n 19 & 108 26.9 12.8 
0.017 40m 47 27.3 8.1 


The values of 6 calculated from ft were compared with those ob- 
tained by electric means. The determination of the thickness of thin 
insulator films from their electrical conductance or capacitance is 
difficult—for a recent statement to this effect see reference 8—because 
their resistance is not proportional to thickness and is often so small 
that only a negligible fraction of the current is used to charge and dis- 
charge the parallel condenser whence the capacitance of the latter 
cannot be determined. 

When medicinal paraffin oil was the insulator, its capacitance could 
be estimated only when the measurements were carried out as 
rapidly as possible, before ionization of the oil too much lowered its 
resistance. In this manner capacitances of about 0.009 to 0.010 
microfarad were observed, corresponding to 6 of about 3 to 4 microns, 
for the conditions giving 6 of about 5 microns. 

The measurements were less troublesome when the more viscous 
oil was employed. When 0.033 cm.* of vacuum oil was squeezed for 
13m seconds between mushroom and disc and the load taken off, the 
capacitance at 26.9° was 0.00378 a few seconds later and then sta- 
bilized at the value 0.003 10-0.00330 microfarad, which remained from 
the 6th to the 16th minute. Obviously, capillary attraction main- 
tained the mushroom suspended at an invariable distance from the 
dise. To calculate 6 from the capacitance, the dielectric constant of 
the oil would be needed. Instead, the capacitance of a vacuum oil 
film between mushroom and disc was measured, when these were 
spaced apart by 3 fragments of a cellophane foil, 24 microns thick. 
The 24 microns thick oil film had a capacitance of 0.00182 micro- 
farad at 25.7°. Hence, neglecting the difference between the dielec- 
tric constants at 25.7 and 26.9°, capacitances of 0.00378 and 0.00320 
microfarad corresponded to thicknesses of 11.6 and 13.6 microns, 
respectively. The 5 value calculated from ft was 12.8 microns (see 
Table VII). Thus, equation (2) was quantitatively confirmed. 
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Equation (4) twice contains 6. Thus, determinations of ft in the 
presence of a meniscus would give two values of 5, and their identity 
would prove equation (4) and, naturally, also equation (2). Un- 
fortunately, it proved impossible to adjust the oil volume and the 
duration of pressure in such a manner that the meniscus remained 
in the clearance but the whole mushroom surface was covered with 
oil; usually, the meniscus was outside the capillary slit and its radius 
of curvature was greater than 5/2; thus, in one series of tests, this 
radius, from equation (4), was 10 microns when 6 was about 6.5 
microns. 
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Synopsis 

Tackiness, i.e., the resistance of adhesive joints to separation as long as the 
adhesive is liquid, is determined by the rheology of the adhesive and is not af- 
fected by molecular adhesion. If the adhesive is a Newtonian liquid, tackiness 
is governed by Stefan’s equation 4/8? = 3nr*; f is the applied stress, ¢ time of 
separation, 4 initial thickness of the liquid film, » its viscosity, and r radius of the 
adherend plates. This equation was confirmed for two hydrocarbon oils between 
surfaces of copper, nickel, or stainless steel; the oil film thickness calculated from 
the experimental values of ff was in accord with the thickness determined from 
the electrostatic capacity. The degree of flatness aud smoothness of the metal 
surfaces greatly affected the value of ft; the deviations from the theory recorded 
in earlier papers may have been due to disregard of waviness and rugosity. In 
the conditions of this work, the product ft was, at a first approximation, inversely 
proportional to the average height of hills on the metal surface. 
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The Viscosity of Suspensions of Spheres. 
III. Sediment Volume as a Determining Parameter 


JAMES V. ROBINSON, The Mead Corporation, 
Chillicothe, Ohio 


INTRODUCTION 


The subject of the dependence of the viscosity of suspensions of 
spheres upon the volume concentration has received attention in re- 
cent years, and a number of investigators have proposed equations of 
the form: 


f(n) = kV/(1 — S’V) 
as follows: 
Vand: 
f(a) = In», 


where & = a shape factor which for single spheres has the value 
2.5, and S’ = a hydrodynamic interaction constant with the value 
0.609 for single spheres. 

Robinson :? 


S(n) = np 


where k = a constant characteristic of the particular suspension and 
S’ = relative sediment volume. 
Mooney :* 


f(a) = In Nr 


where k = the Einstein constant = 2.5 and S’ = a self-crowding 
factor. 
Maron et al. :* 


S(n) = log 


where k = 2.303ba, S’ = a, and 1/a is the volume fraction at which 
the viscosity becomes infinite. 
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Maron and Belner=* 
f(a) = a -— 1) 


where k and S’ are not specifically characterized. 

Vand and Mooney, respectively, stated that the proportionality 
constant, k, is equal to 2.5, as in the Einstein equation derived for 
extremely low concentrations, 4,, = 2.5 v. Robinson and Maron, 
respectively, stated that the proportionality constant may be different 
for different suspensions of spheres, and it is considered to be a pa- 
rameter characteristic of the suspension. This view of the change- 
ability of the proportionality constant is supported by the data of 
Williams,* who found that the constant, S’, of the Mooney equation 
progressively decreased as the concentration of glass spheres in 
glycerol-water increased. Mooney’ thought that the aberration 
might be due to adsorbed layers of liquid on the spheres, but Maron 
and Fok* demonstrated that, with a proper value for the proportion- 
ality constant, the denominator parameter, S’, is very nearly a con- 
stant. 

Robinson? and Maron‘ have pointed out that the reciprocal of the 
denominator parameter is the volume fraction at which the vis- 
cosity becomes infinite. Both authors have recognized that this 
limit is determined by the volume of space into which the particles 
can pack, Robinson by the generalized concept of relative sediment 
volume, and Maron by relation of results to the theoretical packing of 
uniformly sized spheres. There is disagreement about the function 
of viscosity in this general equation. Robinson chose specific vis- 
cosity, ns» = (n — mo)/, on empirical grounds, others derived equa- 
tions, in logarithm of relative viscosity, log (n/m) or In (/m), on 
theoretical grounds, and Maron and Belner introduced another func- 
tion, (n,* — 1), for both theoretical and empirical reasons. The 
previous data of Robinson,* the data of Williams,® and the new data 
of this paper were used to demonstrate that the denominator param- 
eter S’ from the equation in 9,, fits the independently measured 
relative sediment volume, for the case of suspended glass spheres, 
better than if an equation in logarithm of relative viscosity is used. 
The data of Maron et al. were recalculated to demonstrate that the 
denominator parameter from the equation in log 7, is more reasonable 
in the case of synthetic latices. Possibly, this case is the one to which 
Ward"! referred when he stated that other workers have found wide 
discrepancies at high volume concentration, in attempting to apply 
the equation in »,,. The function (»/* — 1) is successfully applica- 
ble to existing data, for both latices and glass spheres. 
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New data have been obtained for viscosity and relative sediment 
volume of glass spheres, in sucrose solution, and in white mineral oil, 
respectively, and the relative sediment volumes and the denominator 
parameters are compared. 


EXPERIMENTAL 


Viscosity measurements were made by essentially the same method 
as described previously,? but with the important difference that a 
small, unpredictable variability in the speed of rotation of the Sun 
Chemical Cumpany viscometer was found and compensated for by 
the use of an accurate, continuously indicating tachometer. Another 
instrumental change was made, by substituting a cup and bob of 
three-fold greater radius (1.6675 and 1.6180 cm., respectively), 
thereby increasing the maximum rate of shear to 1860 sec.-'. A new 
collection of glass spheres was used, obtained from Cataphote Corpo- 
ration (Toledo 10, Ohio). An inspection of the spheres under the 
microscope indicated a high degree of perfection, with a particle size 
distribution between 5 and 45 microns diameter, and with the great 
preponderance of spheres being between 20 and 30 microns diameter. 
A certain deviation from Newtonian behavior was observed, namely, 
that the viscosities of all of the suspensions decreased slightly as the 
speed of rotation was increased, as shown in Table IV. Viscosities 
were measured at 7 equally spaced rates of shear. The values at the 
maximum rate of shear, 1860 sec.~', were used in the calculations. 

The Vand" corrections were not applied. The correction for con- 
centration increase due to crowding the outermost spheres into the 
center was negligible. Correction for slip along the wall, due to a 
layer having the viscosity of the suspension medium, was not reason- 
able by the formula given: for small spheres, the factor for correcting 
the viscosity function (yo/7 — 1) reduces to the clearance between the 
cup and bob, in centimeters. With Vand’s instrument, the clearance 
(R, — R,) was 1.175 em., and the “correction” was reasonably near to 
unity. The instrument used in this work has a clearance of 0.05 cm. 
Such a correction is not consistent with the data obtained in calibrat- 
ing the instrument. 

The sediment volumes were measured on the same suspensions used 
for the viscosity measurements, by allowing the glass spheres to settle, 
in graduated cylinders, first under gravity, then in a centrifuge (700 
X gravity). Densities of the suspensions were measured to obtain 
the density of the glass spheres for use in calculating volume concen- 
trations. 
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The viscosity and relative sediment volume data are summarized in 
In order to derive from them the parameters of the respec- 
tive equations, graphs were made, plotting, respectively: 


Table I. 


(1) V/In n, versus V. 
(2) V/nep versus V. 
(3) V/('* — 1) versus V. 
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TABLE I 

Viscosity, 

n, poise Gravity 
In Sucrose Solution No. 1 
1.135 (no) — 
1.235 1.65 
1.653 1.71 
1.949 1.70 
2.38 - 
2.89 1.68 
5.58 1.70 
7.39 1.69 
16.11 1.67 
In Sucrose Solution No. 
1.721 (m0) — 
2.10 1.92 
2.60 1.81 
3.30 1.77 
3.83 1.73 
4.67 1.83 
6.10 1.98 
7.98 1.71 
12.09 1.78 

In White Mineral Oil 
0.725 (no) - 
0.811 - 
0.948 

1.102 2.79 
1.236 = 
1.382 3.14 
1.635 2.93 
2.02 2.77 
2.54 2.89 
3.58 2.66 
4.14 - 
5.03 — 
6.54 —~ 
7.84 — 


Rel. sediment vol. 
Centri- 
fuged 
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The graphs are all substantially linear. 


Viscosity of Suspensions of Glass Spheres (poises) 
Variation with Rate of Shear (Sec.~'). 
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TABLE IV 


Rate of shear (approx.) 


555 800 1042 1305 
In Sucrose Solution No. 1 
1.167 1.163 1.147 1.145 
1.367 1.306 1.304 1.277 
1.667 1.653 1.647 1.647 
2.03 2.02 2.01 2.01 
2.50 2.44 2.47 2.43 
2.94 2.91 2.91 2.91 
5.77 5.63 5.58 5.60 
7.75 7.56 7.55 7.56 
19.54 18.73 18.00 17.45 
In Sucrose Solution No. 2 
1.798 1.775 1.766 1.757 
2.22 2.18 2.17 2.16 
2.68 2.67 2.66 2.65 
3.47 3.46 3.42 3.40 
3.96 3.92 3.88 3.88 
4.80 4.85 4.80 4.76 
6.19 6.19 6.21 6.20 
8.58 8.47 8.38 8.22 
13.40 13.18 12.90 12.49 
In White Mineral Oil 
0.741 0.750 0.745 0.750 
0.836 0.829 0.830 0.830 
0.946 0.939 0.948 0.950 
1.102 1.107 1.106 1.113 
1.242 1.256 1.248 1.258 
1.407 1.404 1.395 1.394 
1.671 1.669 1.678 1.662 
2.06 2.04 2.00 1.98 
2.59 2.55 2.55 2.57 
3.80 3.73 3.68 3.70 
4.28 4.22 4.11 4.10 
5.87 5.62 5.41 5.23 
7.51 7.29 7.05 6.36 
9.79 9.32 8.98 8.60 
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The intercepts of the 
linear graphs are the reciprocals of the proportionality constants and 
of the denominator parameters, for equations having the form: 


f(a) = kV/(1 — S’V) 
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The parameters and constants, so derived, are listed in Tables II and 
III, and in addition, the average values of relative sediment volume, 
from direct measurement. For comparison, older data were similarly 
plotted, and the reciprocals of the intercepts included in Tables IT 
and III. 


DISCUSSION 


In Table II are collected all of the comparisons known to this author 
between relative sediment volume and the parameter S’ calculated 
from viscosity measurements. Whether the equation in »,, or in 
(n,/* — 1) is used, there is approximate agreement between relative 
sediment volume and the parameter S’. Because the data of this 
paper were obtained with especial care, for the purpose of making this 
comparison, the good agreement beiween relative sediment volume 
and the S’ parameter obtained from the equation in (n,/* — °) is 
believed to be more than coincidence. The earlier data of Robiuson® 
were recalculated, using viscosities at the maximum rate of shear 
(640 sec.~'), instead of using averaged viscosities. However, the 
values of the S’ parameter, and also of k, were changed only slightly 
by the recalculation. These data likewise show a somewhat better 
agreement between relative sediment volume and S’ when the func- 
tion (n,/* — 1) is used. The data of Williams,® on the other hand, 
are better suited by the function 7,,. The assumption is being made 
that there is a single function of viscosity which is applicable to all 
suspensions of spheres, and this is substantiated by the empirical 
finding that the function (y,/* — 1) is equally appropriate for latices 
(Maron) and glass spheres. 

The identity of the parameter S’ and the relative sediment volume 
is a matter of definition. In the expression kV/(1 — S’V), a limit is 
defined by S’V = 1, since the expression becomes infinite when 
(1—S’V) =0. Atthis limit, V = 1/S’, and the limit expresses the 
fact that there is a concentration above which the volume of suspend- 
ing medium will not be sufficient to fill the space between the sus- 
pended particles. The volume which unit volume of solid occupies, in a 
sediment, is the relative sediment volume. The volume which a solid 
volume V will occupy in a packed sediment is the product V (relative 
sediment volume). Since the packed sediment is the upper limit of 
concentration of a suspension: 


V (relative sediment volume) = S’V 
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and S’ = relative sediment volume. The relationship is shown 
schematically in Figure 1. Since one parameter, S’, expresses the be- 
havior of the suspension at all concentrations, the implication is that 
the packed volume of the suspended solid determines the rheological 
behavior of the suspension. 
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Fig. 1. Schematic representation of volumes, 


There are important qualifications to this concept. The situation 
is as outlined above for a suspension, in which the particles do not in- 
teract with the suspending medium, as they might by forming ad- 
sorbed layers on their surfaces, nor do they stick to each other. If the 
particles are increased in effective size by forming layers on their sur- 
faces, or if they stick together so that they fail to slide into the posi- 
tions of close packing, then the relative sediment volume is increased. 
However, both of these phenomena, i.e., the formation of surface 
layers or the sticking together of particles, may be dependent upon 
the mechanical forces, such as shearing, to which the particles are sub- 
jected. Therefore, the same suspension may be characterized by 
different values of S’, at different concentrations and under different 
rates of shear. It is to achieve freedom from the complicating effects 
that attention is concentrated upon suspensions of spheres. In this 
work, the spheres apparently had some tendency to stick together: 
the relative sediment volume decreased under centrifugal force, and 
the suspensions showed a slight decrease in viscosity with increasing 
rate of shear. These phenomena may be due to interaction with the 
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suspending medium, as demonstrated previously,’ with suspensions of 
glass spheres which when in water showed a small relative sediment 
volume, unaffected by centrifuging, and which when in glucose solu- 
tion showed a larger relative sediment volume, decreased by 
centrifuging. 

The values of the proportionality constant, k, are shown in Table 
III. The k derived from the equation in (y,* — 1) is related to 
the k derived from the equation in 7,, by a factor of 2. This may be 
shown by reducing the equations to their approximate forms at very 
small values of V. The equation in (n,/* — 1) may be written in the 


form: 
[ents a} 
rE. (ona 


Considering that (1 — S’V) approximates 1 when V is small: 
a = 1 + 2kV + (kV)? 


The (kV)? term may be neglected also when V is small, and the equa- 
tion reduces to 7, — 1 = 2kV. When V is small, the equation in 
Nsp reduces directly to: 


mp = 27 — 1 = kV 


What has been said about the dependence of S’ upon the formation 
of surface layers on the spheres and upon their sticking together, ap- 
plies to some degree also to the proportionality constant k. The 
value of 2.5 appears to be well established for spheres which do not 
interact with the solvent nor stick together. However, several 
authors, some of them cited by Ward,'' have found values of k de- 
viating from 2.5, both larger and smaller. Robinson? noted a depend- 
ence of k upon the suspension medium used for glass spheres. Ma- 
ron and Belner® showed that the value of k calculated from viscosity 
measurements upon latices could be brought to the value of 2.5 by 
taking into account the monolayer of dispersant around the latex 
particles. 

The ultimate purpose of this work was to permit analysis of the 
rheology of complex suspension systems such as are encountered in 
paper coating. A method of treating practical systems, with con- 
cepts analogous to those presented above, is described by Asbeck 
Scherer, and Van Loo.'* 
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The author is indebted to The Mead Corporation for permission to publish 
this work. Thanks are due to Mr. D. Karl Landstrom for his painstaking work 
in making the viscosity, density, and sediment volume measurements. 
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Synopsis 
The upper limit of volume concentration for a suspension is the reciprocal of 
the relative sediment volume. The dependence of viscosity upon the volume 
concentration of a suspension is expressed by an equation of the form: 
f (viscosity) = kV/(1 — S’V) 
in which the parameter, S’, is identified as the relative sediment volume. For 


suspensions of glass spheres, the parameter S’, calculated from measured viscosi- 
ties, is most nearly equal to directly measured relative sediment volume when: 


(viscosity) = (»/* — 1) 
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Normal Stress Effect in Polyisobutylene Solutions, 


I. Measurements in a Cone and Plate Instrument* 


HERSHEL MARKOVITZ and R. BRADY WILLIAMSON,f 
Mellon Institute, Pittsburgh 13, Pa. 


I. INTRODUCTION 


When polymer solutions are subjected to continuous shear, stresses 
are required not only parallel but also normal! to the shearing surfaces. 
Various manifestations of this effect have been described in the litera- 
ture although quantitative data are still scarce. A number of phe- 
nomenological theories of deformation have also appeared. In this 
paper results of experiments on the shearing of solutions of polyiso- 
butylene in decalin between a rotating cone and a stationary plate 
are reported. Padden and DeWitt' have suggested that normal stress 
data should be related to the dynamic rigidity and that the concentra- 
tion and temperature dependence should be expressible in terms of 
reduced variables which are so successful in the case of the dynamic 
mechanical properties. These suggestions are subjected to further 
tests with the data herein reported. The results are discussed in rela- 
tion to some recent rheological theories. 


Il. EXPERJMENTAL 


The polyisobutylene solutions were made from commercial Vis- 
tanex B-100 obtained from Enjay Company and decalin as obtained 


* This work was supported by the Rubber Research Group of the National 
Science Foundation under Government Contract NSF/RR-C 11, and by a grant 
from the National Science Foundation. 

T Present address: Department of Physics, Carnegie Institute of Technology, 
Pittsburgh 13, Pa. 
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from Eastman Kodak Company. Data were taken on 3, 5, 8, and 
13% solutions. 

The instrument used for these measurements was a modified ver- 
sion of an apparatus that has been alluded to in a previous paper,' 
and has some strong resemblances to that described by Greensmith 
and Rivlin.? 

The solutions were sheared between a conical surface rotating be- 
neath a stationary plane (see Fig. 1). Such a geometry gives prac- 
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Fig. 1. A schematic diagram of cone and plate instrument for normal stress meas- 
urements. 


tically a uniform rate of shear throughout the material. The angle 
between the plane and the generator of the cone was about 4° (0.075 
radian). The plane was the bottom of a shallow hollow aluminum 
cylinder (15 cm. in diameter, 4 em. high) which was rigidly attached 
to three symmetrically disposed arms which were supported on three 
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posts that rose from the base of the instrument. The orientation of 
the plane could be adjusted by nuts on the supporting posts. The 
conical surface was machined from brass and was placed on the flat 
bottom of a shallow outer cylinder of greater diameter (18 cm.) than 
the inner. 


One set of experiments was performed on the 8% solution without 
the conical surface in place. The results of these runs are included 
in the following paper together with other work on torsional shearing 
between two circular discs. 

The temperature was controlled by circulating water from a ther- 
mostat through a coil, one in the inside of the inner cylinder and one 
in a jacket surrounding the outer cylinder. These experiments were 
performed at 33°C. 

To decrease loss of solvent from the solution, an annular cover was 
made which rested on the inner cylinder and formed a loose fit over 
the outer cylinder. The underside of this cover had a trough in 
which solvent could be put to further reduce the rate of evaporation. 


A Graham variable speed drive was used to cover the range of 0.3 


to 50 r.p.m. Rates of shear from 0.5 to 70 sec.—' were thus attain- 
able. 


The total stress developed normal to the plane surface was meas- 
ured at various distances (1.69, 3.35, 4.15, 5.01, 5.77, and 6.64 cm.) 
from the axis of rotation of the cone. These stresses were determined 
by observing the height of rise of the solution in glass tubes which 
were placed over small holes (about 1 mm. diameter) in the flat plate. 
Three of the eight holes were placed at the same distance from the 
axis to serve as a check on the alignment of the instrument. The 
rise due to the normal stress was determined by averaging the heights 
of rise found by rotating the cone in the clockwise and counterclock- 
wise directions. This procedure is followed because, if the plate is 
tilted even slightly from its correct position, a significant Pitot effect 
will be added to the normal stress effect. Greensmith and Rivlin’ 
have shown that the Pitot contribution can be cancelled by the aver- 
aging procedure. It is this average which is called the height of rise 
in the discussion of experimental results. 

The height of rise in the glass tubes was measured with a cathe- 
tometer. To avoid interference with the observation by the contain- 
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ing walls, a small negative pressure (a few centimeters of water) was 
applied uniformly to all the tubes. This was accomplished by attach- 
ing flexible tubing from the tops of all the tubes to a large suction 
flask. The pressure was controlled by the use of a vertically sup- 
ported 100-cc. hypodermic syringe, the piston of which was counter- 
balanced with a weight sufficient to give the desired vacuum. The 
piston moved freely enough to give good pressure control but was 
still sufficiently gastight so that much less than 100 cc. of air leaked 
into the whole system in a period of a day. 

Because of the high viscosity of the solutions used and the small size 
of the holes in the top plate, a long time was necessary to attain the 
equilibrium height of liquid in the tubes. To shorten this time, three- 
way metal stopcocks of the type used with medical syringes were in- 
serted above each tube. The level of the liquid in each tube could 
thus be adjusted individually with a syringe. 


Ill. RESULTS AND DISCUSSION 


As has been reported previously by Roberts* and Pilpel,* who have 
used instruments of the same geometry, the height of rise of liquid in 
the tube is a logarithmic function of the distance from the axis of ro- 
tation. This is illustrated in Figure 2, which shows the data for one 
of our runs. Because of edge effects the absolute value of the heights 
of rise is not significant. They are just values obtained from cathe- 
tometer readings. To characterize the normal stress effect we use the 
quantity dH /d(In r’), which we designate —3». Here H is the normal 
pressure in dynes per square centimeter at a distance r’ cm. from the 
axis of rotation when the liquid is being deformed at a rate of shear 
equal toy. The quantity » has the same units as elasticity. 

A reduced quantity, »,, can be defined in the same way as the re- 
duced dynamic rigidity G,’ was defined for these solutions previously .* 
Such a procedure has been suggested in the previous work of Padden 
and DeWitt.' In this case, v, = v7T>/Tf(c). f(c) = c/eo for ¢ < oo, 
f(c) = c*/eo? for ¢ > co, co = 0.08, T is the absolute temperature, and 
T,) = 298°K. The reduced rate of shear, 7,, is defined as before® for 
solutions of Vistanex B-100 in decalin as yn7>/Tf(c), where 7 is the 
zero shear viscosity of the solution. A logarithmic plot of », versus 
7, is shown in Figure 3. 





— 
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Fig. 2. Variation of normal stress with logarithm of distance from the axis of 
rotation for 8% solution of polyisobutylene (Vistanex B-100) in Decalin at 0.430 
rev./sec. Each point is the average of a clockwise and counterclockwise reading. 
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Philippoff* has recently reported normal stress measurements at 30 
and 50°C. for a 15% solution of Vistanex B-100 in Decalin prepared 
by us. He used a Weissenberg rheogoniometer where the total 
normal force (/,,) is measured while the liquid is sheared between a 
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Fig. 3. Reduced normal stress plot for cone and plate data on Vistanex B-100 
in Decalin. Markovitz and Williamson at 33°C.: (A) 3%, (A) 5%, (O) 8%, 
(Q) 13%. Philippoff, 15% solution: (@) 30°C.,(W) 50°C. (—) Plot of @’, 
against 1.4w*,. 


cone and plate. Since dH/d(inr’) = —3», H = —3v In (r’ /a), where 
H is taken as zero at the edge of the plate, r’ = a. The total normal 
force is then: 


F, = S$H(znr’) dr’ = 3xa*v/2 
or y = 2F,,/3xa (1) 
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This equation can be used to obtain » from his data as 1/3 the quantity 
which he labels (Py-P2). Using the temperature and concentration 
dependence of the zero shear viscosity as found in this laboratory 
these data are also plotted in Figure 3. The validity of temperature 
and concentration superposition thus finds further support here. 

DeWitt Theory. DeWitt’ has proposed a rheological theory which 
relates to dynamic mechanical properties, and both the shearing and 
normal stresses in steady state flow. He has applied the theory to 
capillary flow, shearing between rotating coaxial cylinders, and shear- 
ing between two rotating parallel plates (torsional shearing). 

To solve his equation for the case of shearing between a cone and 
plate it is convenient to use the spherical coordinates r, @, and ¢, 
where r is the distance from the origin, @ is the angle of colatitude, and 
é is the azimuth (longitude). Assuming laminar flow with the conical 
surfaces 6 = constant being surfaces of constant velocity, the physical 
components of the velocity can then be expressed as: 


v, = 0, v, = 0, Vy = Tw’ (2) 


where w’ is a function of @ but not of ror ¢. The subscripts indicate 
the directions of the components. If the velocity distribution given 
by (2) is substituted into DeWitt’s tensor equation, the theory then 
predicts the following deviatoric components of the stress: 


(6) = n*S/(1 + 73S?) (3) 
— (oo) = (00) = —n*rS?/(1 + 1S?) (4) 
(rr) = (r¢) = (ré) = 0 (5) 


where * and 7 are parameters in the Maxwell element, the symbols* 
(rr), (00), etc. represent the deviatoric physical components of the 
stresses in the direction indicated, and S = (Ow’ /00) — cot @, which is 
the rate of shear. Note that S is independent of r. 

If equations (3), (4), and (5) are substituted in the equations of 
equilibrium as expressed in spherical coordinates,’ it is found that: 


Op/or = 0 (6) 
where p is the isotropic pressure: 


p = —'/s((RR) + (08) + (#%)) 
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where (RR), etc. are the physical components of the total stress. 
The total normal stress as measured is: 


(08) = (60) — p 


which is independent of r by virtue of (6) and (4) and the fact that S 
is independent of r. This is contrary to the experimental results ob- 
tained by Pilpel,‘ Roberts,’ and the present work, where H has been 
found to vary like log r as shown in Figure 2. 

The derivation of the theory of DeWitt’ from the Maxwell model 
suggested to him a possible connection between dynamic mechanical 
properties as a function of frequency and the steady state flow proper- 
ties as a function of the rate of shear. A test of this conjecture for 
the viscosity of polyisobutylene solutions has been reported. The 
theory had predicted that, if we write y,.(7) = g(7), then 7/(w*) = 
g(w*), where 9,(7) is the viscosity as a function of rate of shear and 
i (w*) is the dynamic viscosity as a function of frequency. Experi- 
mentally it turned out that, for these solutions over the range studied, 
if ma(¥) = g(y) then n’(w*) = g(1.4o*). Here w*, the pulsatance, is 
equal to 27 times the frequency. 

It remains to see if a connection can be found between the dynamic 
rigidity and the normal stress effect. From the above data and those 
of Padden and DeWitt! it is clear that this connection is not of the 
form expected on the basis of the DeWitt theory. However, if we 
plot, on our graph of », against 7,, curves of G’, versus 1.4 w,*, we find 
somewhat better coincidence. Indeed the curve which has been 
drawn in Figure 3 is this dynamic rigidity curve from data which has 
been published previously. From Figure 3 it appears that if we 
write »(y) = A(y), then G’(w*) = h(1.40*). 

The factor of 1.4 used to multiply the reduced frequency was, of 
course, obtained empirically. One could point out that 7 as defined 
in this paper is the rate of shear as used by Lamb,” for example. 
Many workers define their rate of shear, 7’, as 7/2. Had we used 
this measure, the connection between steady flow properties could 
have been expressed as: if 9.(y’) = g’(7’), then 7’ (w*) = g’ (w*/1.4) 
and if »(7’) = A(y’), then G@’(w*) = h(w*/1.4). It is possible that 
the 1.4 involves only the definition of rate of shear and may be an aid 
in arriving at a “natural” rate of shear. Experiments with other ma- 
terials are necessary to determine whether the 1.4 is a universal con- 
stant or a property of the material. 
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Weissenberg Theory. <A result of this theory, as given in the work 
of Roberts* and Pilpel,‘ in the case of shearing between a cone and 
plate is that: 


(RR) = (80) (7) 
When inserted in the equation of equilibrium this leads to the result: 
OXRR)/O(In r) = (6) — (60) (8) 
On the basis of their experiments they concluded that: 
0(88)/O(In r) = K (9) 
at 6 = 2/2, where K is independent of r, and that the validity of 


equations (7) and (8) was demonstrated. The experimental result 
expressed in equation (9) was found to be valid in the case of our 
polyisobutylene solutions where K corresponds to 3v as used above. 

Other deductions can be made from this theory which can be 
checked with their data. From (7), (8), and (9) one can compute 
the deviatoric components of the stresses: 


(gg) = (66) + p = 2K/3 (10) 
(rr) = (RR) + p = —K/3 (11) 
(00) = (00) + p = —K/3 (12) 


These results imply that these deviatoric components are independent 
of the distance from the axis. This deduction as well as the numerical 
relationship among these components and the relationship between 
them and the value of 0(6@)/d(In r) appear to be substantiated by 
their data.*® Also equation (1), which involves the Weissenberg 
theory in the assumption that (06) = H = Oatr’ = a, together with 
Figure 3, can be used as evidence for this theory. 

Rivlin Theory. Rivlin" has recently presented an ‘exact theory of 
viscoelasticity.” If the velocity distribution as expressed in (2) is 
inserted in this theory, one obtains the results that A, = 0 for r > 2 
and that the matrix of total stress T is given by 


T= -Pi + Siar + SoBe + frAY? (13) 


where P is a hydrostatic pressure, f; = a + 2y?a5 + 4ytar, fe = 
ata + 2u*ae + 4u‘tas, fz = as, the a; are polynomials in certain scalar 
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invariants all of which are functions of u*, uw = (r/r’)(Ow/dE) = 
sin 0(0w/00) = rate of shear, (r’)? = 2? + 22, & = 2;/r’, w = rw’ /r, 


1 Dw’ 22 ,Lok3 (xq? — Xy")X3 —2,(r’)? 
A, = (r’)* QE (te? — a4)zp 9 2aryXars a(r’)? 
\| —22(r’)? a(r’)? 0 
oe? Deo’ \\a23" I Xol3" —212,(r’ )? 
on — :( ) (tetas? Lots" —a72;(r’ )* 
(r’)*aa* \ OF \|—ayaa(r’ )? —2r2x;(r’)? (r’)* | 


and 2), 22, 73 are a set of Cartesian coordinates where the positive x; 
axis corresponds to the line @ = 0. It is to be noted that the rate of 
shear, u, is not a function of r. 

This result can be translated into spherical coordinates by the ten- 
sor transformation rules to give: 


(RR) = —P (14) 
(00) = —P + w*[(2az + as) + 4yu2%(ag + as) + Bytes] (15) 
(6%) = —P + ay? (16) 
(RO) = (R®) = 0 (17) 
(0%) = plaz + 2(a4 + ae)u® + dagu*) (18) 


It is to be noted that here (RR) + (60) + (@&) # —3P and there- 

fore (RR) + P, etc. are not deviatoric components of the stress. 
Equations (14) to (18) can be inserted into the equations of equilib- 

rium® to obtain the following results for cone and plate shearing: 


(66) = C/sin*® 6 (19) 
OP/O(In r) = —p? [Zar + 2as + 4u7(ay + a) + Sutas} (20) 


where C is an integration constant. In the types of apparatus de- 
scribed in this paper, measurements are made of (60) as a function of 
rat @= 2/2. It is therefore of interest to note that, from (15), one 
obtains: 


&(68)/O(In r) = —Op/O(In r) (21) 


since the a, are functions of », and w does not vary with r. It is then 
seen from (20) that the Rivlin theory leads us to expect a logarithmic 
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dependence of the normal stress with distance from the axis of rota- 
tion. It can also be shown on calculating the deviatoric components 
of the stress that 


(60) /O(In r) = —3(rr) (22 


From (14), (15), and (16) one can also see that (rr), (00), and (¢@) 
are functions of » and are independent of r. 

The correct dependence of the normal stress on the distance from 
the axis of rotation is found in other theories also. Further discus- 
sion is deferred to the following paper. 


IV. CONCLUSIONS 


1. Normal stress data on concentrated polyisobutylene solutions 
can be superposed by using reduced variables similar to those used 
for dynamic mechanical properties. 

2. Itis found empirically that, over the range of variables studied, 
a relationship exists between the normal stress effect and the dy- 
namic rigidity. 

3. The dependence of the normal stress on the distance from the 
axis of rotation is predicted correctly by the Rivlin theory of visco- 
elasticity but incorrectly by the DeWitt theory. Some evidence for 
the Weissenberg theory is also cited. 
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Synopsis 


Normal stress measurements have been made on concentrated solutions of an 


unfractionated polyisobutylene in Decalin in an apparatus with a cone and plate 
geometry. Data taken at various concentrations and temperatures can be super- 
posed in a way similar to that used for the dynamic rigidity. The functional 
relationship between the normal stress and rate of shear is related to that between 
the dynamic rigidity and the frequency. The results are discussed in terms of the 
recent rheological theories of DeWitt and Rivlin. 
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Normal Stress Effect in Polyisobutylene Solutions. 
II. Classification and Application of Rheological 


Theories* 


HERSHEL MARKOVITZ, Mellon Institute, Pittsburgh 13, Pa. 


I, CLASSIFICATION OF RHEOLOGICAL THEORIES 


A considerable number of phenomenological theories of deforma- 
tion have already been proposed. They differ in their basic assump- 
tions, the method of development, the type of rheological equation 
resulting, and their predictions of experimental results. In several of 
these theories an extended mathematica! analysis is necessary for each 
type of shearing to be investigated. However, if these results are 
examined, they may be summarized in a simple form with respect to 
the shearing of an infinitesimal cube of the material. Let us set up 
an orthogonal set of coordinates ;, x2, x3 (see Fig. 1), where 2 is the 
direction of motion of a particle, and z; = constant is a surface of 
constant velocity. In torsional shearing between rotating parallel 
plates, 2, 22, and x; would refer to the cylindrical coordinates r’, 6’, 
and z, respectively; in the coaxial cylinder (Couette) shearing, to 
the cylindrical coordinates z, 6’, and r’; in the cone and plate case, 
to the spherical polar coordinates r, ¢, and @ as defined in the pre- 
ceding paper.! 

In terms of the coordinates of Figure 1, the results of the DeWitt? 
theory can be summarized as follows: 


(ote) = — (Wats) = n*ry?/(1 + 17’) - (1) 
(ots) = n*y/(1 + 17?) (2) 
(221) = (222) = (x23) => 0 (3) 


* This work was supported by a grant from the National Science Foundation, 
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where »* and r are parameters of the Maxwell element, y is the rate 
of shear, and the symbols (z,2,), etc. are the physical components cor- 
responding to the deviatoric stress tensor. The validity of this sum- 
mary can be seen by comparing equations (1), (2), and (3) with the 
results previously obtained in the cases of shearing between rotating 
parallel dises* (y = r’w/l), between coaxial cylinders? (y = r’dw/dr’), 
between a cone and plate' (y = Ow’ /00 — cot @), and in capillary 
flow? (y = Ov,/Or’). Here w is the angular velocity about the axis 
of rotation at a distance r’ from the axis, w’ = r’w/r, l is the distance 
between the dises, and », is the velocity of motion in the capillary. 


——— X, 
y ' 
= Fi 
yar py 
” 4 
—— , 
x, 


Fig. 1. General coordinate axes for description of flow. 


Rivlin’s* general theory of viscoelasticity can be summarized in 
terms of the coordinates of Figure 1 as follows: 


(X,X,) = —P (4) 

(X2X:) = —P + asy’ (5) 

(X:X3) = —P + ¥*[(2a2 + as) + 4(a4 + a6)¥? + 8asy*] (6) 
(X2X3) = ylar + 2asy* + 4ar7¥*] (7) 

(X,X.) = (X,X;) = 0 (8) 


where (X,X,), etc. are the components of the total stress. The 
a,’s are polynomials in y? and P is a hydrostatic pressure. Equations 
(4) to (8) can be compared to results obtained previously for various 
types of shearing."* Apparently if one calculates a complex shearing 
which can be considered a superposition of two simple types of shear* 
characterized by 7, and 72, a; is a function of 7,7 + 72" and 7? is re- 
placed by 7," + 72? in the above formulas. From equations (4) to 
(6) one can obtain the corresponding deviatoric components of the 
normal stresses: 
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(mt1) = (XX) + p = —('/s) y7A (9) 
(xo%2) = (X2X2) + p = —('/3) ¥(A — 3a) (10) 
(24's) = (X3X3) + > = (* 3) 7(2A — 3a;) (11) 


where A = 2a. + 2a3 + 4(a4 + a) ¥? + Sayy‘ and p, the isotropic 
pressure, is —('/3) ((X:X,) + (X2X-2) + (X3X3)). 

In the above theories the fundamental tensor equations involve 
space derivatives of the velocity. These derivatives do not occur 
simply as the rate of shear but also in other combinations. Yet, 
when these theories are used for any particular type of shearing, it 
turns out that the deviatoric components are just functions of the 
rate of shear as can be seen from equations (1) to (3) and (7) to (11). 
Thus it seems plausible to write: 


(x2) = (X,X;) + Pp (12) 
(tt2) = (X2X2) + p — (13) 


ll 
| 
> 


(23%3) = (X3X3) a pw — & (14) 
(2023) = (X2X;3) = 7% (15) 
(11%) = (1123) = 0 (16) 


where the », are functions of y* and p is the isotropic pressure as 
defined above so that: 


1+ m+rv=0 (17) 


Not only are the above-mentioned theories of DeWitt? and Rivlin’ 
of the type iridicated by equations (12) to (16), but also others which 
will be mentioned below. However, the explanation of Garner, 
Nissan, and Wood‘ is not of this type. The dependence of the », on 
7? is expected since the normal tensions are not affected when the 
direction of shearing is reversed. 

Thus if we know the functions », for a given material we could de- 
termine the components of the stress by using equations (12) to 
(16) in conjunction with the appropriate equilibrium equations. 
Actually by virtue of (17) only three of the », are necessary, one of 
which (») is the apparent viscosity as a function of rate of shear. 

An examination of some of the theories further shows that they 
are characterized by particularly simple connections among the 
vy, These results are summarized in Table I. The first column is 
a letter for convenience in referring to these classes of theories, the 
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TABLE I 
Classification of Rheological Theories 
Dateee< nn == 0 vw = 0 Classical hydrodynamics*® 
tes 770 mn = 0 y= —py DeWitt? 
. eeese . “= 0 yn =—Ds 
es ccecee w= 0 ya = —Dde 
eemncancee eee vy = —2y Oldroyd* A 
We kcbin a b-otelen wm = vs ve = —2n Weissenberg,’ ~* Oldroyd* B 
} . inane @ vo = Ps “" = —2y. Rivlin, '* Reiner''.!2 
_ eee vy wm vy Rivlin,? Mooney'* "4 
Oldroyd*® 


second, a characterizing relationship between the »,, the third, a result 
which can be deduced from column 2 with the use of (17), and the 
fourth, examples of theories in the particular classes. No allusion 
to theories in classes C and D have been found in the literature by 
the author. In class H are lumped all theories of a more compli- 
cated nature. Presumably some other recent theories are of this 
class also. These could, in some cases, include some of the simpler 


TABLE II 
Application of Theories 
Cone 
and 
Class plate Coaxial 
of (88) Torsion of cylinder cylinder 
theory dInr d (ZZ)/dr’ 2 (R’R’)/dr’ 
as akin ed 0 0 0 
ee és 0 (Ov2/dr’) — v2/r’ —2y2/r’ 
. , ° 3” 2(d»,/dr’) + »/r’ —w/r’ 
ee 3”, Ov, /Or’ + 2y,/r’ n/r’ 
ST ees ae 3” 3( Od», /dr’) —3y»,/r’ 
cis ioe edi 3” 3y,/r’ 3n/r’ 
aS 3” (30»,/Or’ + 3»,/r’)/2 0 
Say Setey 3” O(2», + v2/dr’ + (1 — v2)/r’ —( + 2y2)r’ 


theories as special cases, e.g., Mooney’s'*'* theory becomes class F if, 
in his notation, @ = H, a special case which he considers in his work. 
Also that particular case of Rivlin’s theory* where: 


Zar + a3 + 4(a4 + as) ¥* + 8asy* = 0 


is in class F. 
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Although this classification, of course, says nothing about the 
functional dependence of »;, it can be conveniently used to determine 
how to characterize a given material rheologically so that, for ex- 
ample, if the normal stress has been measured in one or two instru- 
ments, the value in another type of shearing could be deduced. 
This is illustrated in Table II. All of the examples are given in terms 
of »; and ». Equation (17) can be used if it is desired to express the 
results in terms of »;. The results are given here for three experi- 
mental setups. They were obtained by using equations (12) to (16) 
in the appropriate equations of equilibrium." The effect of inertia 
of the liquid has been ignored. 

Under “cone and plate” are given the predictions for the value of 
the slope in a plot of total stress (@@) against the logarithm of the 
distance from the axis r in the type of experiment discussed in the 
preceding paper.' It is to be noticed that the result is the same for 
all cases except class A and B theories, which predict no variation of 
(60) with r. Thus these types of theories cannot represent the be- 
havior of those polymer solutions, emulsions, or solutions of soaps and 
aluminum soaps which give rise to a linear behavior of (60) with In r.7~° 
This type of dependence is predicted by all other theories since » 
is a function of 7 which is independent of r. The cone and plate 
technique is thus a very useful method for determining »; as a function 
of rate of shear. 

In column 3 of Table IT are the predicted results for torsional shear- 
ing of a cylinder of the liquid. Such a deformation occurs if the 
liquid is placed between two circular plates one of which is rotated. 
Data obtained with this type of instrument have been reported.*'* 7 
The traction (ZZ) produced normal to one of the plates is measured 
as a function of the distance r’ from the axis of rotation by using 
the same method as reported above. The predicted value of the 
slope of the plot of this traction against the distance from the axis is 
listed. 

The fourth column of Table IT refers to a type of experiment which 
has been reported by Padden and DeWitt" where a liquid is sheared 
between two coaxial cylinders, one of which is rotating. The dif- 
ference between the stresses (R’R’) normal to the two cylindrical 
walls is measured. The expressions in column four musi: be inte- 
grated over the gap to obtain results for quantitative compa:ison with 
experiment. It is interesting, however, to make some qualitative ob- 
servations. Class G, and of course class A, theories predict no nor- 
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mal stress effect in this type of shearing. For those materials where 
v; is positive, as for example polyisobutylene solutions, class C and E 
theories predict that the liquid would rise higher in the outer than in 
the inner tube of the Padden and DeWitt” apparatus. Class D and 
F theories indicate the reverse, which is what has been reported.” 
In the other classes of theories, the qualitative result will depend on 
the value of v. 

Evaluation of v; If equations (12) to (16) do describe the rheologi- 
cal behavior of a material, Table II is a convenient summary which 
can be used to suggest methods for the evaluation of », and ». One 
could presumably determine »; and », by the use of any two types of 
flow. It is clear, however, that even in the general case (class H), 
v, could be evaluated from cone and plate experiments. 


Il. POLYISOBUTYLENE SOLUTIONS 


If data were available over a large range of rates of shear in each 
of several types of instruments for a given solution, one could use the 
above results to determine which, if any, of the above classes of 
theories described its rheological behavior. Unfortunately such a set 
of data is not available to us. However, a not inconsiderable number 
of results on polyisobutylene solutions have been reported. Padden 
and DeWitt” have suggested that reduced variables can be used for 
steady flow measurements as well as linear viscoelasticity. As the 
following discussion indicates, an examination of the available data 
appears to validate a reduced variable treatment for »; and v, similar 
to that for the dynamic rigidity where », = »;7/Tf(c) and 7, = 
ynT./Tf(c), where » is the zero-shear viscosity, 7 is the absolute 
temperature, and 7 is 298°K. Ferry’s” proposal that f(c) = c has 
been found to be valid for many systems. However, for the more 
concentrated solutions of Vistanex B — 100, the behavior is more 
complicated and a c? dependence occurs.” For these solutions we 
use f(c) as determined by previous experiments on dynamic mechani- 
cal properties.“ These reduced variables are not only applicable 
to solutions of various concentrations at various temperatures but 
also to a good approximation include the effect of changing solvent” 
and molecular weight.?! 

Cone and Plate Experiments. Figure 3 of the preceding paper is a 
test of the validity of superposition for solutions of varying concen- 
trations and temperatures. The v defined there is found to be », by 
comparison with Table II. This figure thus gives a reduced plot for 
vy, for these solutions. 
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Cylindrical Torsion. Having determined », it appears that shear- 
ing between rotating discs should serve to establish », and perhaps 
to determine the applicability of one of the classes of theories in view 
of the volume of data on this method in the literature and the variety 
of expressions for the various classes of theories. It is convenient to 
rearrange the expression: 


ZZ) /O In = 0(2 + Vo) ‘(In r’) +. wm Ve 
obtained from Table II, class H, to: 


ra) (ZZ) | l ( ”) (* In (2, + Vo) )| 
= 3»,| 1 2 ——— — J 
0 In 7’ * + 3 + "4 0 In r’ (18) 


If, furthermore: 
ve = ky (19) 
as it is in theories of classes C, D, E, F, and G where k takes the 
values 0, —1, 1, —2, and —'/», respectively: 
0 (ZZ) dln » 


| 
a ee - = « 2 ) By Sane — 2 
0 In r’ 3n| 1 sd eal 1d In r’ lf (20) 


1 
3 

Greensmith and Rivlin” have reported results on a series of poly- 
isobutylene solutions taken with a cylindrical torsion apparatus. 
There is an extensive range of rates of shear for many solutions where 
the normal stress is found to be a linear function of the distance from 
the axis. In these cases the results are expressed in terms of V’ 
where: 


UZZ)/d(in r’) = 20r'v' /l 


where Q is the angular velocity of the rotating disc and / is the gap 
between the two plates. From (18) it is seen that a reduced variable 
treatment of », implies that it should also be valid for 0(ZZ)/O(In r’) 
so that one should be able to write: 


(0 (ZZ)/d In r’)(To/Tf(c)) = 27,(¥’ /n) (21) 


where ¥ in this case is Qr’/l and the left-hand side can be considered 
as (0(ZZ)/d In r’),. Equation (21) implies that ¥’ /y is a dimension- 
less constant over a series of solutions of various concentrations. 
This result was first noted empirically in this laboratory®® as quoted 
by Mooney" and by Greensmith and Rivlin,"* who also observed this 
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to be true in their work. For a 6% solution™ of polyisobutylene 
B-120 in Tetralin, ¥’ varies from 15 to 27 dyne sec. em.~* over the 
temperature range 19 to 46° while W’ /y varies only from 0.37 to 0.43. 

At low values of the velocity gradient, Greensmith and Rivlin? 
represent their results in terms of Wo and ¥,, which can be evaluated 
from the equation: 


XZZ)/d In rv’ = ¥?(BWo/2 + 5y*¥,/8) (22) 


which when expressed in terms of reduced variables predicts the con- 
stancy of Wof(c)T'/n’?T> and ¥,(Tf(c))*/n*T.*. For B-120 solutions, 
they note that WY» increases like the eighth power of the concentration, 
which is what one would expect from the fact that the y is propor- 
tional to c® in this region and that f(c) is proportional to c®. The 
cl! dependence of W» and the variation of ¥, as c?' found for solutions 
of polyisobutylene B-15 can be explained if the viscosity varies as c* 
and f(c) with ¢ in the range of high concentrations used for this low 
molecular weight material. For the 6% B-120 solution at low rates 
of shear, ¥» varied from 6 to 19 dyne sec.? em.~* for temperatures 
from 21 to 46°C. while %o7'/n?T> varied only from 3.9 to 5.1 K 10-* 
em.*/dyne. For a 30% solution of B-15, ¥) went from 0.10 to 0.22 
dyne sec.? cm.~* from 30 to 18°C. while Wo7'/n?7') varied only from 
7.9 to 8.5 X 10-* cm.*/dyne. In these calculations it was assumed 
that the temperature coefficient of » for the Greensmith and Rivlin 
solution was the same as for the B-100 solutions used in our laboratory. 

Further evidence for the validity of superposition can be seen in 
Figure 2. The Greensmith and Rivlin points are for a 6% B-120 
solution in Tetralin as obtained from data given in detail in Tables 
15 and 17 of the dissertation.** There is a set of points obtained on 
an 8% Vistanex B-100 in Decalin as mentioned in the preceding 
paper. The other points represent data obtained some years ago in 
this laboratory.2* Almost all of it was summarized in the paper by 
Padden and DeWitt.'’ It includes data on 6.7, 7.7, 10.0, and 12.3% 
solutions of Vistanex B-140 in Tetralin. The points on this graph 
thus represent 4 molecular weights, two solvents, three sets of work- 
ers, and many concentrations. The ordinate we have used here is 
(O (ZZ)/d In r’) (0.08/3c) while the abscissa is 0.08 2 r’n/le. We 
have used the c dependence rather than c? since, for solutions other 
than B-100, we do not know whether or at what concentration the c* 
dependence begins. Furthermore we would not be able to discern 
whether the ¢ or the c? dependence is more appropriate from the pres- 
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ent data, since a change to c? would shift the points somewhat along a 
line of unit slope on this logarithmic plot which very nearly has that 
slope. The reason for using (0(ZZ)/d In r’)/3 for », can be seen from 
equation (20). Since Oo In »,/d In r takes on values from about 0.6 
to 1.3 over the range included in this figure, the factor in square 
brackets in (20) is equal to 1 within about 10% for the theories of 
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Fig. 2. Reduced plot for normal stress effect in polyisobutylene solutions ob- 
tained by torsional shearing between circular discs. Greensmith and Rivlin:** 
(@) B-120 in Tetralin. Markovitz and Williamson:' (A)B-100 in Decalin. Sensen- 
baugh et al.:** (©) B-140 in Tetralin, (G) B-80 in Tetralin. The line is a plot of 
G’, against 1.4w*, for solutions of Vistanex B-100 in Decalin.” 


interest. In view of the amount of scatter, the approximation of as- 
suming the bracket equal to unity is good enough. Once the value of 
k is determined, equation (20) can be used to apply a small correction 
in obtaining »;. It is thus seen that, for these solutions in this range of 
variable, measurements on cylindrical torsion are not a very sensitive 
method for determining 1». 
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The data on which Figure 3 is based are for the most part those used 
by Padden and DeWitt'® for their Figure 9. Incomplete data on 
dynamic properties at that time had led to the incorrect incorpora- 
tion of the molecular weight into the reduced variables explicitly. 

Coaxial Cylinder. Data obtained by means of this type of ap- 
paratus on solutions of polyisobutylene have been presented by Pad- 
den and DeWitt.'? The analysis of results obtained with this type 
of shearing is a little more complicated than the previous two cases 
discussed because of the difficulty of determining the rate of shear in 
the liquid. A Newtonian approximation" is not adequate. For 
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Fig. 3. Slope of logarithmic plot of reduced steady-state viscosity versus re- 
duced rate of shear as a function of reduced rate of shear for solutions of Vistanex 
B-100 in Decalin. 


the B-100—Decalin system we are aided by the fact that the functional 
relationship between viscosity and rate of shear is known.'* In this 
type of shearing, the rate of shear, 7, is equal to r’ 0w/dr’, where w 
is the angular velocity of the liquid at a distance r’ from the axis of 
the cylinders. We therefore can write: 


dw = (¥/r’) dr’ (23) 


From the equation of equilibrium we can also find out that (r’)*(r’6) 
is a constant throughout the liquid. Since (r’@) = ny, we also know 
that 


ny(r’)? = constant (24) 
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This expression can be differentiated to obtain the connection between 
dy and dr’ which can be used in (23) to arrive at the result that: 


11 
we — oo = 3f (1+ 522) ai (25) 
2 din ¥ 


where the integral is to be taken from the inner cylinder to the outer. 
It further turns out that 1 + d In ,/d In ¥, is a linear function of In 
7, over a wide range of 7,, us can be seen in Figure 3, where the data 
have been taken from the reduced curves previously published.'* 
If a and b are constants, we can therefore write the approximation: 


1+dinyg/diny, = a+ bliny, (26) 
which when inserted in (25) yields: 
2u, = ¥o(a + bin ¥, — b) — ¥a + bln y% — DB) (27) 


where 7, and ¥, are the rates of shear at the outer and inner cylinders, 
respectively. We have here also used the fact that in the Padden and 
DeWitt experiment the outer cylinder was stationary. For the re- 
duced plot, a = 1.43 and b = 0.12. From (24) it can also be seen 
that: 


Vono/ Yen = (r,/r,)? (28) 


where r, and r, are the radii of the inner and outer cylinders respec- 
tively, and 4, and 9, are the viscosities at the inner and outer walls. 
From the dimensions of the apparatus (r; = 0.36 and.r, = 1.26 cm.) 
for a given value of 7;, one can determine 9,, and from (28) a value for 
¥on. Which determines 7,, which in turn can be used in (27) to obtain 
a plot of w, against y;. This graph can then be used for the determina- 
tion of rate of shear at the rotating cylinder from its speed of rota- 
tion. 


From Table II it is seen that: 
ARR’) /Or’ = —(r, + 2ve)/r’ (29) 


which can be rearranged to give with the aid of (24): 


ow 1 ; ding ; 
A (R'R’) = sf (vy + 2v.) {1 + diny din ¥ (30) 
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where the integral is to be taken from the y, to 7, and A(R’R’) = 
(R’R’), — (R’'R’),. Since 7, > 7, for our data (7,/7; is at most 
0.05), we can to a good approximation differentiate (30) to obtain: 
2 d A(R’R’) 
2 . ii eee 31 
in t+ 3m) Te aingding). din, 6!) 
where the subscript 7 refers to the value of the quantity at 7, The 
amount of error in this approximation can be estimated if it is assumed 
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Fig. 4. Reduced plot for normal stress effect in solutions of polyisobutylene 
(Vistanex B-100) in Decalin as obtained in coaxial cylinder instrument:" (©) 6%, 
(A) 8%, (GB) 10%, (Y) 11%. The line is a plot of G’, against 1.40*, for the same 
system. 


that we can write approximately », + 2», = ky”. When this ex- 
pression is inserted in (30), one finds with the aid of (26) that the p. ~- 
centage error is at most about 10% for these experiments. This 
technique of estimating the error is similar to the second-order ap- 
proximation method of Williams and Ferry** and could be used to 
obtain a second-order approximation to »; + 2». 

Figure 4 shows the coaxial cylinder data of Padden and DeWitt 
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Fig. 5. Reduced plot for normal stress effect in solutions of polyisobutylene as 
obtained in cone and plate (A), cylindrical torsion (©), and coaxial cylinder (@) 
instruments. 


on four solutions of Vistanex B-100 in Decalin in a reduced plot. 
The ordinate is —(» + 2), = —(» + 2v2)To/Tf(c), where (31) 
was used to obtain »; + 22. Graphs of much of the original data are 
given in Figure 7 of reference 17. 

It was mentioned above that, of all of the classes of theories listed 
in Table II, only D and F theories (aside from the general H theories) 
correctly describe the qualitative behavior for polyisobutylene solu- 
tions in the coaxial cylinder case. Class D theories predict that 
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—(v, + 2») should be equal to », while class F predicts that it should 
be equal to 3»,. In Figure 5, the results for the three different types 
of instruments are included. For the coaxial cylinder experiments the 
ordinate is just —(», + 22),. It thus appears that the class D theo- 
ries best represent these data and therefore », = —v:. Although 
there is considerable scattering of the data, the agreement is still 
believed to be quite good considering the variety of molecular weights, 
solvents, temperatures, concentrations, instruments, and workers. 
At the highest rates of shear the cone and plate data appear to be con- 
siderably lower than that from the coaxial cylinder apparatus. It is 
not known at the present time whether this truly represents the be- 
havior of these solutions of whether it is the result of experimental 
difficulties—perhaps due to secondary, nonlaminar flow or due to 
instability of flow because the rate of shear is near the point where 7 
is approaching a y~' behavior. The possibility must therefore not 
be completely cast aside that it is a coincidence that the coaxial cylin- 
der data fit more nearly according to the class D theories rather than 
the class F theories. It is obvious that there is an urgent need for 
more accurate and more extensive data before a final decision can be 
reached, especially in view of the Weissenberg theory in the preced- 
ing paper! and on the work of Roberts.”* 

Roberts’* has presented some good evidence for a class F theory in 
his work on solutions of rubber and aluminum laurate. He asserts 
that he has also obtained normal stress data on solutions of polyiso- 
butylene in o-dichlorobenzene with a cone and plate instrument. He 
determines values of (06) by the same method as reported here. He 
evaluates (RR) by use of a Newtonian liquid in the gap together with 
his non-Newtonian material. According to Appendix II of reference 
8, it appears, however, that he bases his equality of (RR) and (60) 
at the interface on an assumed orientation of that interface. It 
would seem rather that that orientation would be determined by the 
normal stresses together with the interfacial tensions. However, 
there can be no doubt that his experiments were done much more 
precisely and carefully than almost any other work reported here. 
Again the need for further experiments is clear. 


Ill. RELATIONSHIP TO DYNAMIC MECHANICAL 
PROPERTIES 


In the previous paper an empirical relationship was noted between 
the dynamic rigidity and the normal stress as obtained from cone and 
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plate instruments. In Figures 2, 4, and 5 the curves plotted are 
those for the reduced dynamic rigidity of Vistanex B-100 solutions in 
Decalin as published previously.* The ordinate is G/ and the abcissa 
is 1.4w* as in the case of Figure 3 of the preceding paper. At the 
highest rates of shear, the dynamic rigidity data appear to go along 
with cone and plate data rather than those from coaxial cylinder 
measurements in Figure 5. More experiments are needed to de- 


termine whether »;(= —».) and G’ are simply related over a large 
range of variables or whether », and G’ are related over a large range 
of variables while », = —», only over part of the range. In any case, 


it appears that at least one can use the proposed connection between 
“1, ¥, and @’ as an approximation over much of the range reported 
here. 


IV. CONCLUSIONS 


1. A method has been given for classifying some of the rheological 
theories which have been proposed to describe the normal stress ef- 
fect. 

2. This classification has been used in the evaluation of the pub- 
lished data on polyisobutylene. Some of the classes of theorie are 
shown to be inadequate. Two of the types of theories appears to be 
most suitable; however, enough sufficiently good data are not available 
to reach a firm conclusion. It appears that coaxial cylinder and cone 
and plate data will be especially useful in reaching a decision for 
these solutions as well as other systems. 

3. Reduced variables are indicated to be valid in normal stress 
data. 
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Synopsis 

Many rheological theories can be summarized in terms of a dependence on the 
rate of shear of the deviatoric components of the normal stresses. In such cases 
two functions of the rate of shear, at most, are needed to characterize the normal 
stress effect. In some theories these two functions are simply related. A basis 
for classification of these rheological theories is thus provided. These classes of 
theories are applied to the cases of shearing between a cone and plate, two parallel 
circular discs, and coaxial cylinders. Cone and plate data give directly one of the 
normal stress functions. Coaxial cylinder data are especially useful in obtaining 
the other function and distinguishing among the theories. The available normal 
stress data on polyisobutylene solutions are examined and found to favor one of 
the types of theories. The coaxial cylinder data are analyzed without using a 
Newtonian approximation with the help of the known flow curve for these solu- 
tions. Evidence for a reduced variable treatment of normal stress data is pre- 
sented. The relationship of normal stress and dynamic rigidity data is discussed. 
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Stress—Strain Relations in a Suspension 


of Dumbbells 


STEPHEN PRAGER, Department of Chemistry, University of 
Minnesota, Minneapolis, Minn. 


INTRODUCTION 


As the simplest model for a non-Newtonian system, the dilute 
suspension of dumbbells has been treated by many authors'~ during 
the past decade. The case of two-dimensional dumbbells in simple, 
steady shear flow was discussed by Kuhn and Kuhn! in 1945. Re- 
sults on oscillating shear flow were obtained by Kirkwood and Auer? in 
1951 and have been extended to include both nonlinear terms in the 
shear rate and the effect of hydrodynamic interaction between the 
two ends of a dumbbell.* Rivlin‘ in 1949 treated irrotational flow 
fields, and Giesekus* has recently discussed the behavior of a suspen- 
sion of dumbbells in an arbitrary homogeneous velocity gradient. 

During the same period stress-strain relationships have been 
approached*~" from a purely phenomenological point of view, with- 
out reference to any particular model. In these treatments one seeks 
to obtain the most general tensor relationship which will be invariant 
under a rotation of the coordinate axes. The earlier work of this type 
was restricted to relationships between the stress and the strain rate 
tensors alone, but Rivlin and Ericksen® recently pointed out that 
there is no reason why such relationships should not also involve the 
velocity curl and higher derivatives of the velocity. 

The object of this paper is to obtain stress-strain relations for a 
suspension of dumbbells in nonuniform velocity gradient fields. We 
shall start, however, with a discussion of the homogeneous velocity 
gradient, since our results here differ somewhat from those of Giese- 
kus. It will be assumed in what follows that there is no hydro- 
dynamic interaction between different dumbbells in the suspension, 
or between the two ends of a dumbbell. 
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THE HOMOGENEOUS VELOCITY GRADIENT FIELD 


In this section we consider a velocity v = (v;, v,, v,) which can be 
written as: 


v=s8s-r (1) 


where r = (z, y, z) is the position vector in some fixed Cartesian 
reference frame, and 8 is the velocity gradient tensor, assumed for 
the time being to be independent of position and time. We may split 
8 into a symmetric strain rate tensor e and a skew symmetric velocity 
curl tensor ; if we choose the orientation of our coordinate axes 
properly, the strain rate tensor becomes diagonal, so that we may 
write: 


400 0 —w, wy! 
s8=e+o= \0¢0) + w, 0 —w, (2) 
006 —w, w; 0| 


The angular distribution function W(@, ¢) for the orientation of 
the dumbbells in this flow field is given by the steady-state rota- 
tional diffusion equation : 


p, J 1.2 (i 9 Wr) socal 7) ts 
" i= me” Oo) einte oes | 


‘ 
= 


° 


= We) | (3) 


tied -oat 
FE (Wv, sin @) + 


b sin 6 
with boundary conditions 
W (6,0) = W (6, 2x) (4) 


and: 


2s . 
f f W (6, 6) sin 0.d6 de = 1 (5) 
0 


0 


Here @ and ¢ are the usual polar coordinate angles, Dz the rotational 
diffusion coefficient, and b the length of a dumbbell; 1, and rv, are the 
components of Din the @ and ¢ directions at a point in the fluid whose 
pelar coordinates are '/,b, 0, ¢, and may be expressed in terms of the 
components of e and @ by the relations: 
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ve = '/eb (e, cos 6 sin 0 cos? @ + «, cos @ sin @ sin’ @ 
— ¢, cos 6 sin 0 + w, cos é — w, sin ¢) 

v, = ‘/ob ((q — e) sin 6 cos ¢ Bin ¢ + w, sin 0 (6) 
— w, sin @ cos 0 — w, cos ¢ cos 8) 

v, = '/sb (e, sin? 6 cos? @ + «, sin’ 6 sin? é + «, cos* 8), 


where the radial component v, has also been included. 

Equations (6) give the velocity of the fluid in the vicinity of one 
end of a dumbbell whose center is located at the origin. The end itself 
moves with a velocity 0’ given by the sum of the tangential component 
of v and the diffusional velocity introduced by Kuhn and Kuhn!: 

7 
ve = Ve —_ 1/sb Dep - om 
W 0 
af ty > My en Oe ”) 
W sin 0 0¢@ 
v, =0 
In doing so it exerts a force 


F={¢(v0' — v) (8) 


upon the fluid, ¢ being a friction factor. The number of dumbbells 
per unit solid angle oriented in the 6, ¢ direction which penetrate unit 
area of a plane whose normal is the unit vector v is: 


beW 





9: (9) 


where c is the total number of dumbbells per unit volume of solution 
and @ = (sin @ cos 4, sin @ sin ¢, cos @) is the unit vector in the radial 
direction. The total contribution from dumbbells oriented in all 
directions to the stress acting across such a plane is therefore: 


2 7 
—v: | ff f Fo W sin 6 dé is | (10) 


so that the stress tensor ¢ is given by: 
6 = & — be (Fo) (11) 


where 6) = —pl + 2noe is the stress tensor in the absence of any 
solute (m is the viscosity of the solvent, p the pressure), and the 
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angular brackets denote an average taken over 6 and ¢ with the weight- 
ing function W. 
The Cartesian components of F are easily found to be: 





- Sade 1 OW sing 
r= r 2 W de cos 0 cos é — Dp W 26 sin 6 
+ sin 6 cos ¢ («, sin? 6 cos? @ + «, sin? 6 sin? ¢ + «, cos? 0) | 
aI 1 ow 1 OW cos @ 
F, = — —| De = — Ds = — 
, 2 W 9 ONO + Dee cine 
+ sin @ sin $(¢, sin*@ cos? @ + «, sin’@ sin’? + «, cos’) | (12) 
4 
: tb 1oWw . 
r.- -%|- Dew x * sin 6 


+ cos 6 (€, sin? @ cos? 6 + «,sin*@ sin*¢ + «, cos? a) | 


Inserting these into (11) and performing the indicated average we 
obtain, with the aid of an integration by parts, the result: 


6 — 6 = (£b%c/2) [De(3(oe) — TD) + #: (gooe)] (13) 


To evaluate completely the averages appearing in (13) we must, of 
course, solve equation (3) to obtain W(@, ¢). It is, however, pos- 
sible to simplify (13) considerably without any explicit knowledge 
of the angular distribution function. If we multiply both sides of 
(3) by a well-behaved periodic function g(@, 6) and average over 6 
and ¢, the result is the identity: 


og 0*g es Pp Es, 
” a: cot 0+ 5 de + t+ 32) - aC 20 * sind * dg 


(14) 


Substituting for », and v, from (6), and setting g successively equal 
to the different components of the tensor eg, we obtain a relationship 
between the tensors (geee) and (op) which when inserted into 
(13) transforms that equation to: 





é — 6 = (fb*c/4) [(e + @) <o9p> + <op> (e — w)] (15) 
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Equation (15) depends only on (9g) and not on any higher moments, 
and has the further advantage over (13) that all the terms are clearly 
of the same order in the components of the velocity gradient. 

Let us now apply (15) to the case of a flow field in which one of the 
velocity components, v, for example, is everywhere zero, This will 
include the cases of rectilinear and torsional flow discussed by Rivlin," 
as well as the flow in a Couette viscometer. For such a flow the 
velocity gradient tensor has the form: 


wwe 
8 = Syz8yySye (16) 
000 


and when this is inserted into (15) we find that the zz component of 
(é — 6») vanishes identically, so that apart from the hydrostatic pres- 
sure there is no normal stress on a surface parallel to the plane of flow, 
at least if the effects of variations in s from point to point are ig- 
nored. In other words, the Weissenberg effect is absent in a sus- 
pension of noninteracting dumbbells. In view of this result, it seems 
not unreasonable to suggest that the Weissenberg effect cannot be 
obtained in a solution which is so dilute that the solute particles are 
completely independent of each other. Further calculations are 
necessary, of course, to confirm this statement in complete generality. 
In order to solve the rotational diffusion equation (3) we resort to 
the customary device of expanding W into a power series in 1/D,: 


W = (1/4) (Q+5-G+ 550+ 7 ee 
R R 


where the Q’s are finite sums of spherical harmonics satisfying the 
differential equations: 





TQn = 2Qn-1 (Qo = 1) (18) 
In (18) ZL and @ represent the operators 
1 Oo ) 1 & 
—— fain 6 — ~ 19) 
sin 6 06 (sin : =) + sin?@ O¢? ( 


and: 


au E (v, sin 6) + = (v | 20 
b sin 6 00 @ 5 do ** (20) 
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which appear in equation (3). The ensuing calculations are tedious 


but straightforward, giving as the final result for (pp), up to terms 
in Dp: 


pee; Seite Sat _[e Pee # »]+ 
3 ao, fe Te 


(21) 


Insertion of (21) into (15) yields: 


6 — & = 2[nlw Je 4 5 [et + 5 (oe — ew) | 
ee | 5De 2 


I 


70D,? 6 


l 
E (Se 4+ Tw" )e + 2 (s, ~—- : 4) I 
l: 
+ = (se? — ea) + 


r (w*e + co’) |+ “a \ (22) 


Nin 


where [y]o is the intrinsic viscosity in the limit of zero strain rate, 
and w the concentration of solute in terms of weight per cent; S:, 
Ss, w, and J; are invariants defined by the relations: 


Se é + é + é 
Ss = €:€y€ 
wo = (a; + w + o7)” (3) 


2 2 2 
J, = ae, + Oe, + Fe 


In writing (22) we have used relations obtained from the Hamilton- 


Cayley theorem and the extensions of that theorem recently made by 
Rivlin :" 


| 
e* = Sl + 5 Sye 


a’ = —w*e (24) 


ew = —(ew? + we) — we + Jil 


Equation (22) is equivalent to the corresponding result of Giesekus.* 
Giesekus, however, carried his series one term further, and in so doing 
obtained a nonvanishing Weissenberg effect, the normal stress in 
rectilinear flow being proportional to the fourth power of the shear 
rate. This, of course, contradicts our conclusion from equation (15), 


| 
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according to which the Weissenberg effect must vanish for all terms 
of the series. 


THE INHOMOGENEOUS VELOCITY GRADIENT FIELD 


If the velocity gradient varies with position or with time, the pre- 
ceding analysis must be somewhat modified. Equation (13) for 
the stress tensor remains valid, but in evaluating the averages (pg) 
and (ppee) the steady-state angular distribution function can no 
longer be used. Instead we must use a time-dependent distribution 
function satisfying, in place of equation (3), the equation: 


DgLW = QW + (OW’/Odt) (25) 


where the components of e and » appearing in the operator Q2 vary 
with time as the particle in question is carried along with the fluid 
through regions of different velocity gradients. 

Let us assume that 8 changes sufficiently slowly with time so that 
OW /dt is small compared to the other terms in (25). We may then 
obtain a series of successively better approximations Wo, W,, Ws, 
etc. through the recursion relations: 


Del W, = QW, + (OW,-:/d0) 26) 


where W, is the steady state distribution function, given to within 
terms of first order in Dg~ by: 


1 l 
Wo = —(1+— ee: LAs (27) 
Me x ( t op, te t ) 40) 


In carrying out this iteration procedure we lose one of the boundary 
conditions of the original problem, for we may no longer specify the 
initial angular distribution of the dumbbells. This is in accord with 
our expectation that the angular distribution at time ¢ is not appre- 
ciably affected by the angular distribution at an earlier time &, if 
(t — t) is large compared to the rotational relaxation time. 
Insertion of (27) into (26), with n = 1, yields: 
Del W, = QW, + nae + (28) 
. ws" , 8xD, dl al ai r 
The total derivative de/dt appearing in (28) is in general a function 
of both the time and the position dependence of e: 
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de Oc Ox 
= = + — +9 (29) 
dt Ot Or 
To find W,, we can use the same expansion procedure which was em- 
ployed in obtaining Wo, the first three terms of the resulting series 
being: 


nae L(, Gulia 1 de i. ) 
1 4a\ * 2D’ iapeas @ °°’ (30) 
so that <pp> becomes: 
l 1 l de 
ee 31 
(ee) = 34 + 5D, *  90D,2 dt * 3!) 


Since the angular distribution is time-dependent, (15) must be 
replaced by the relation: 


e 
| 


oe me c + w)(oe) + (og) (e — @) — a oo) (32) 


which can be derived from equation (25) in an entirely analogous 
manner. On substituting (31) into (32), we obtain the result 


o~@« Zina | ™ i _ | 
ee a ne 


1 de de 
=2 ee eS eS 33 
fn Jow E am (5 += °) + | (33) 


where only terms linear in e and de/dt have been explicitly included. 
For steady rectilinear flow equation (33) predicts no new effects, 
since de/dt and dw/dt vanish in this case; it is only in dealing with 
more complex flows, such as take place, for example, in a divergent 
channel, that the new terms must be taken into account. 


THE EFFECT OF TRANSLATIONAL DIFFUSION 


The preceding treatment of inhomogeneous velocity gradients is 
actually somewhat incomplete, for we have assumed that a suspended 
particle is simply carried along by the motion of the suspending 
medium, thus ignoring the translational diffusion of the dumbbells. 
Stress-strain relations in which translational diffusion is taken into 
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account have been obtained for a suspension of dumbbells in a recti- 
linear flow field with a velocity gradient: 


0 a 0) 
s= 000 (34) 
000 


where the shear rate a is an arbitrary function of the y coordinate. 
The differential equation for W appropriate to this case is: 


DpLW = QW — D(o*?W/dy’) (35) 


D being the translational diffusion coefficient. To solve (35) we 
may again resort to an iterative process, the recursion relations for 
which are: 


DLW, = QW, — D(?W,-1/dy’) (36) 


with W, still given by equation (27). As before, we forfeit a bound- 
ary condition in this process, for we may no longer specify W or its 
derivatives on some bounding surface; this is to be expected, for the 
angular distribution function at a given point should be affected 
only by conditions in the immediate vicinity of that point. 

To obtain the stress tensor once W is known, equation (15) must 


be modified to read: 


_ ibe - o> Bie 3 
é- m= | + @) (og) + (gg) (e — @) + D ~ eo) | (37) 


The resulting stress components are: 


g — (eae = tnloo{ OF tp abe 
a ee ” ae 


LP ( Fa (*)’) + ) 
210 De® \2* dy? “\dy = 
1 D1 d@a, 4 [da\? 
= am a eT rt Pe oon <egmeireen 
— Fr pee bali * ay * 105 (is) )+ f ) 


1 D d?a da\? 
Tyy (oyy)o = 35 [n low Dr? (< dy? + (*<) ) . ae 


iw a" te (22)o = 0 (38) 











62 5S. PRAGER 


The Weissenberg effect is represented by (c,, — (¢y,)o), and we see 
that it no longer vanishes, although its magnitude is rather small. 

Strictly speaking, if we consider translational diffusion we should, 
to be consistent, also take into account the variation of the velocity 
gradient from one end of a dumbbell to the other. The two effects 
should be of comparable importance, for the ratio D/Dzg appearing 
in equation (38) is of the same order of magnitude as b*. The manner 
in which the finite size of the suspended particles modifies the stress— 
strain relations has been discussed recently by Lifson'? for a sus- 
pension of rigid spheres in a rectilinear flow field. 
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Synopsis 


Stress-strain relations are obtained for a dilute suspension of dumbbells, for 
both uniform and nonuniform velocity gradients. It is shown that such a fluid 
will not produce a Weissenberg effect in uniform, rectilinear shear flow, but that a 
small effect of this kind can be obtained if the shear rate is allowed to vary from 
point to point, as in parabolic flow between two fixed and parallel plates. The 
normal stress in the latter case is a result of the translational diffusion of the 
dumbbells. 














TRANSACTIONS OF THE SOCIETY OF RHEOLOGY VOL. I, 63-94 (1957) 


A Theory of the Viscosity of a Maxwellian 
Elastic Liquid* 


M. MOONEY, United States Rubber Co. General Laboratories, Passaic, 


N. J. 


INTRODUCTION 


In the Eyring! picture of the local molecular movements which con- 
stitute a quantum of liquid flow, it is postulated that first a small hole 
is created in the liquid by a favorable combination of thermal vibra- 
tions of the liquid molecules. If a molecule next to the hole has suf- 
ficient thermal energy to overcome the molecular binding forces act- 
ing on it, it may break away and jump into the hole. The chance that 
this will happen is favored by the shearing stress acting on the mole- 
cule; and, if the jump occurs, this movement contributes to the mac- 
roscopic flow. The energy and entropy relationships involved in this 
process are the basic elements of the Eyring theory of flow as a ther- 
mally activated process. 

However, the geometry and mechanics of this pictured mechanism 
are not sound. This point has been discussed by Alfrey,? who points 
out that the jumping of an individual molecule in a particular direction 
could be favored by a force field, but not by any stress field. Consider 
for example the situation pictured in Figure 1, where there is at the 
moment a hole in the liquid between molecules 1 and 2. If the liquid 
is undergoing a positive shear parallel to the z-axis and is subjected to 
the shearing stresses indicated by the vectors r, then the molecule 1, 
according to the Eyring analysis, is subjected to a positive x force by 
the molecules above it, and the probability that it will jump into the 
hole is thereby increased. However, this argument overlooks the fact 
that an equal and opposite force acts on the bottom of the molecule. 
The resultant force is zero; and the shearing stress field actually will 
neither favor nor oppose the jumping of either molecule 1 or 2 into the 
hole. 

* Contribution No. 159 from the General Laboratories. 
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Fig. 1. The Eyring flow mechanism With positive simple shear parallel to 
the z axis, molecule 1 is supposed to be forced by the shear stress r toward the 
hole. Actually, the shear stress on the top of the molecule is balanced by an equal 
and opposite shear stress on the bottom, and the resultant force is zero. 


Fig. 2. The Alfrey flow mechanism. The shear stresses r on the top and 
bottom of the molecular pair 1,2 constitute a couple which is supposed to cause 
the pair to rotate to the 1A,2A configuration. Actually, this couple is balanced 
by an equal and opposite couple consisting of the shear stresses on the two sides 
of the molecular pair, and the resultant couple is zero. 


Alfrey® sugests an alternative mechanism of flow, pictured in Figure 
2, in which a pair of contiguous molecules have at the moment a little 
free space on either side so located as to permit rotation of the pair 
from position 1,2 to position 1A,2A. However, this argument is faulty 
in the same way; for an z,y shear stress necessarily includes not only 
the z shearing forces, tending to produce clockwise rotation, but also 
the equal y shearing forces, tending to produce counterclockwise rota- 
tion. The resultant couple is zero and would favor neither of the pos- 
sible rotations of the molecular pair, to the 1A,2A position or to the 
1B,2B position. 
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While the errors in these pictures of liquid flow are perhaps clear, it 
is not too easy to see how the errors should be corrected. However, if 
the mathematical analysis deals with an intermolecular force which 
favors a shearing movement, if the force is assumed to act throughout 
the movement, and if the particular molecular movement is molecular 
in magnitude or greater, then the analysis must assume also that the 
primary moiecular movement is accompanied by some simultaneous 
secondary movement of those nearby molecules that are exerting this 
moving force. 





Fig. 3A. Molecular configuration before stress release. The r’s are the shearing 
stresses and 7 is the instantaneous elastic shear. 
Fig. 3B. Molecular configuration after stress release in the central area. Im- 
mediately after this release of stress there will be an increase in shearing strain 
sufficient to restore the mean value of the shear stress in the total area. 


It can be argued, furthermore, that both the primary movements 
and the secondary movements of the next-neighbor molecules must 
take place with a speed determined by the frequency of very high- 
frequency sound waves in the liquid. This fact becomes apparent 
when we recognize that the duration of a “‘hole,’’ or region of low den- 
sity in the liquid, will be limited by the accelerated movement towards 
the center of the region which must result from the associated pressure 
gradient. Such a central movement constitutes a radial sound wave. 
Therefore the local shearing movements must occur in the time re- 
quired for a sound wave to travel the diameter of the region of low 
density. The final and important conclusion from this discussion is 
that the liquid must act like an elastic solid not only toward a pressure 
but also toward a shear stress. The conclusion supports the sugges- 
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tion, first made by Maxwell,’ that a liquid consists of an elastic body 
which has a very high rate of stress relaxation. Experimental con- 
firmation of rigidity in glycerine is reported by Raman and Venkates- 
waran.‘ 

We can now draw a more complete and more valid picture of the 
flow mechanism in a liquid. Figures 3A and 3B show a conceivable 
two-dimensional change in molecular configuration resulting from a 
temporary local expansion and loss of rigidity. The strain and stress 
release originating in the local movements indicated in Figure 3B 
travels with the velocity of sound out to the boundaries of the liquid. 

It may be remarked here that, if it is assumed with Andrade* that 
viscous flow in a liquid consists of the continuous movement of parallel 
sheets with resistance developed by occasional momentum transfers in 
molecular impacts rather than by continuous molecular forces, then 
the above argument cannot be applied and nothing can be inferred 
concerning the elasticity of the liquid. 

The changes in the above picture of liquid flow, as compared with 
the Eyring or the Alfrey picture, do not appear to be very great or to 
require any major change in Eyring’s mathematical treatment of vis- 
cosity. However, the picture suggests that a liquid not only could be 
but perhaps should be treated as an elastic continuum with a stress re- 
laxation mechanism. 

It has been found possible to do this. A postulate of the new theory 
is that, whenever the local expansion in any region exceeds a certain 
critical value, the structure in the region loses its rigidity and the sub- 
sequent molecular rearrangements are such that the deforming stresses 
over the boundary of the region are temporarily reduced to zero. The 
associated movements are therefore proportional to the local stress be- 
fore the release. When the local expansion is reduced to its normal 
value the normal rigidity is reestablished in the new configuration and 
the local stress quickly builds up again to the value imposed by the ex- 
ternal shearing stress. 

There is a significant difference here from the Eyring theory, ac- 
cording to which the !ocal molecular movements are uniform in mag- 
nitude and occur with a frequency which is proportional to the shear 
stress. In the present theory the local movements are proportional 
to the stress and occur with a frequency independent of the stress. Ac- 
cording to a theory recently published by 8S. Peter* the viscosity of a 
Newtonian liquid is equal to the product of the velocity of sound, an 
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exponential function of the activation energy, and some other terms. 
Such an equation will predict correctly the effect of pressure on vis- 
cosity only if the activation energy is allowed to vary with the pressure. 
Such a variation is not inconsistent with the theory, but the theory in 
its published form offers no way to predict the required variation. 


THEORY OF THE ELASTIC LIQUID 


In order to develop a theory of viscosity on the assumptions indi- 
cated above, it is necessary to establish a quantitative relationship be- 
tween the volume of a region of temporary zero rigidity and the stress 
relaxation that it causes. For this purpose we can use a theoretical 
formula developed by Jane M.: Dewey’ for the mean modulus of rigid- 
ity of an elastic material loaded with spherical particles of elastic con- 
stants different from those of the matrix. When the shear modulus of 
the particles is zero, Dewey’s formula for the mean rigidity modulus, 
u, reduces to: 


w= pol — AV,) (1) 


where ye is the rigidity modulus of the matrix material, V, is the frac- 
tional volume loading of the spherical particles of zero rigidity: 


h = 15(1 — p)/(7 — 5p) (2) 


and p is Poisson’s ratio of the matrix material. 

Suppose now we subject to shear stress 7 a liquid of shear modulus 
uo in which in time interval dt there is created a volume fraction dV, 
of small spherical regions of low density, or concentrated free volume. 
As has been stated, within each such spherical region a complete re- 
lease of shear stress is assumed to occur. Let 7, be the elastic shear 
before creation of the concentrated free volume and +2 the subsequent 
shear. Ther: 


e "= T/ Mo 
v2 = r(1 + hdV,)/wo (3) 
Taking the difference y. — y, and dividing by dt gives: 
dy/dt = (rh/po) (dV,/dt) (4) 


The viscosity, 7, is therefore given by: 


1/n = (h/wo) (dV _/dt) (5) 
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The next question is: at what rate does critically expanded material 
develop within the liquid? To find the answer to this question we 
follow the method of Debye® in the problem of the specific heat of 
solids and treat the thermal molecular vibrations as the sum of the 
displacements associated with a large number of elastic waves in the 
medium. In following Debye, however, we must recognize a differ- 
ence between the problems of specific heat and viscosity. In the latter 
problem we are concerned not with all the possible modes of vibration 
but only with those that cause variations in density. This means that 
we include longitudinal vibrations but not transverse vibrations. 

The Debye analysis gives for the number of waves, W, of longitu- 
dinal type in the frequency range dv: 


W(v)dv = 4rL*v*dv/c* (6) 


where L' is the volume of the body of liquid and ¢ is the longitudinal 
wave velocity. 

The lower limit of the frequency distribution is zero. In order to es- 
tablish an upper limit, let it be assumed that the shortest wave length 
is twice the smallest molecular spacing in the liquid. This assumption 
is surely approximately correct; and it is doubtful that an elaborate 
analysis of this point could be made with any certainty. We have 
then for the minimum wave length, A,,, and the maximum frequency, 


Vm: 
X. = l/r, = 23 (7) 


where 6 is the distance between adjacent parallel planes of molecular 
centers. 


It is easily shown that the probability of frequency + is: 
P(v)dv = (3v?/v*)dv (8) 


These thermal elastic waves, as they may be called, are similar to 
sound waves in a solid; and they differ from sound waves in the 
liquid in that they are of such high frequency that the period of the 
wave is too short for appreciable relaxation of the shear stress to occur 
within one period. The thermal longitudinal wave velocity, c, is there- 
fore: 





= '/s 
sa (? + 2(1 — 2p)/(1 + ”) (9) 
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where 8 is the adiabatic compressibility, D is the density, and p is 
Poisson’s ratio for the liquid in high-frequency stress cycles. 

Since the velocity, v, of ordinary sound waves of much lower fre- 
quency is 1/(8D)'”, we have the relationship: 


c =v V1 + 2(1 — 2p)/(1 + p) (10) 


The analysis requires some assumption regarding the pattern of 
molecular packing in the liquid. Let it be assumed that the pattern 
resembles most nearly the close-packing of spheres in a face-centered 
cubic lattice. In this lattice there are 4 molecules per unit cell; and, 
with a cell dimension of 25, the number of molecules, VN, per cm.? 
is: 


N = 1/28 (11) 


To relate 5 to measurable quantities we note that the density is 
D = NM/A,, M being the molecular weight and A, Avogadro’s 
number. 

Then, from (11): 


6 = (M/1.212)'" x 10-8 (12) 


For future use an expression will be required for the probability of a 
given energy density Z, in a wave of frequency v. By Boltzmann’s 
principle, this is: 

3 


P(E,) = - exp | —E£,L*/kT} (13) 


where k is Boltzmann’s constant. In terms of the wave amplitude, 
A: 


E, = 22*DA?*y? (14) 


Having established these simple relationships, we can proceed with 
the quantitative analysis of the specific volume fluctuations within the 
liquid. It may be observed here that the probability of a given depar- 
ture from the mean density, established by Einstein, is not sufficient 
for the present problem. What is required here is the frequency of the 
occurrence of such a departure, whereas Einstein’s method gives the 
product of the frequency by the mean duration. 

The z displacement u,; in a compressional wave 7 traveling in the zx 
direction is: 
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x 
“u, = A, sin (ws + 2r fo a) (15) 
ri 


where A, is the amplitude, @, the phase angle, and w, = 27»,. 
The mean expansion over the range + £/2 from the origin is: 
—_ je fe / 
ey = [ui(E/2) — uw —€E/2))/E 
9 


2A 
F ‘ sin = cos (wt + 8,) (16) 


i 


The total mean expansion, e, within the sphere of diameter £ will be 
the sum of all such linear expansions as (16), or: 


e= > ahs sin wr cos (we + 6,) (17) 
M=Am g Ai 


For a sphere of a given size the terms in the above sum for which 
A, > € will be relatively unimportant because, as shown by equation 
(8) or (6), there are relatively few waves of the longer A, or lower v. 
The terms for which \, < é, if any exist, will produce density fluctua- 
tions which have both a maximum and a minimum within the sphere, 
and hence their effects must be treated in spheres of smaller diameter. 
Consequently we are justified in dividing the total spectrum of fre- 
quencies covered by (17) into groups of waves, each group having 
wave lengths from 2né to 2(n + 1)é, these lengths being the diameters 
of the related nth sphere and the next larger sphere. Thus for the 
smallest sphere, of diameter — = 24, the chosen limits are 26 to 46. 
The lower limit, 25, gives \ = A,,, the shortest possible wave length. 
The sphere of diameter 26 is just large enough to encompass the small- 
est group of molecules, roughly spherical in shape, that are contiguous. 
For the next larger sphere, of diameter £ = 45, the chosen \ limits are 
\ = 46 to 66. The general relationships are: 


E, = 2nd 
A = 2né to 2(n + 1)6 (18) 
vy = ¢/2(n + 1)6 + c/2né 


By means of equation (8) it can be shown that the average frequency 
for a wave group is: 


sat Be(4n® + Gn? + 4n + 1) 
ye Ban(n + 1)(3n? + 3n + 1) 


(19) 
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This gives 


15e P 
i= = 0.4018¢/6 
1126 


65e 


~ 3046 


0.2158¢/8 (20) 


= 
ws 
| 


Returning now to equation (17), we see that for the nth wave group 
we can write: 


2in + 1)8 2A, rt 
a= > sin —" cos[(a, + Ayt + 4] (21) 
h = 2nd n Ani 


We can limit ¢ in this equation to sufficiently small values that only 
two or three cycles of the mean frequency 7, are covered. Then we 
may ignore the term A,,¢ in the argument of the cos; and in this sim- 
plified approximate form the fluctuation of the expansion e, is a sinu- 
soidal function of time of circular frequency @,. The amplitude of the 
fluctuation is the vector sum in the complex plane of the vectors: 

ah sin Te? 6 
£ Ant 

With random distribution of the @,, this is the problem of the ran- 
dom walk in a plane. For such a walk the distribution of the distance 
from the origin after m, steps is given by :* 





2e e 
P(e,) = ———~3— exp \- re \ (22) 
My, < €;,> My, < @, > 
where P(e,) is the probability of the distance e, and m, is the number 
of steps, that is, the number of frequencies in the frequency group 
from: 
c a -f 
y= ————- to — 
2(n+1)6 2né 
Now let «¢ be the critical value of the volume expansion at which the 
rigidity vanishes and molecular rearrangements become possible. 
We require the probability, Q that e, > «. This is: 


Q,(6) = f . P(e,)de, 23) 


& 
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By equations (22) and (23): 
j é 
Q,(€) = exp z pan <e> (24) 
The value of m, is, from equation (6): 


c/2né ‘ rlL?* 
m, = f W(v)dv = 05" F,(n) 








/2in + -s (25) 
1 
it os (n + 1)® 
F\(1) = 0.875 
F,(2) = 0.0888 (26) 
For <e? > we have: 
A? 2rt, 
<2> = f J P(A) PO) <3 sin = dAdy (27) 


After transforming to the variables Z, and » by equations (7) and 
(14) the integration can be carried through. The limits are Z, = 0 to 
o, and »y = c/2(n + 1)6 to c/2né; and the result of the integration 


18: 


k j |win/Aj 
——-- le — sin x cos 2 (28) 


2 
<@ 27 °° > 
mDinL*€? | |wtn/Ds 


Here the \ limits are as given by equation (18). This equation re- 
duces to 


. 24kT 


<¢,> = DL F,(n) (29) 


Fun) = > Fees + sin —""— am | 
Wm) Ln +1) 2a t+)” 2M4) 
Fx(1) = 1.285 
F.(2) = 0.1195 (30) 





Now from (24) and (26): 
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Q, = ex ae —\ (31 
eae) = €XP \— Ger Fn) Film) 
We are now in a position to state the value of dV ,/dt occurring in 
equation (4). For any chosen point in the liquid there is a probability, 
given by equation (24), that the mean expansion within the sphere of 
diameter £, is undergoing periodic fluctuations of amplitude =e and 
with the frequency 7, given by (19). The rate at which, on the aver- 

age, critically expanded volume is attained at the point is: 


(xt? /6) 7,Q,(€) 


Hewever the number of points in unit volume where we have to 
cons. ‘er this possible expansion—if we are to consider the possibility 
for all the material in unit volume— is the reciprocal of the spherical 
volume 72/6. This just cancels the volume factor xt?/6; and the 
rate at which critically expanded volume in parcels of volume r¢2/6 is 
created per unit volume of liquid is just 7,,Q,(¢«). The rate of creation 
of expanded volume in parcels of all sizes is therefore the sum of terms 
of the form 3,,Q,(¢«). That is: 


@ 


dV/dt = > 7,Q,(€) (32) 
n=1 
From equation (31) and the numerical values of F; and F, given 
above, it is clear that: 


Q./0, <1 (33) 


except when the argument in the exponential function of equation (31) 
approaches zero, which would rarely be a case of interest. The same 
inequalities would apply to all other ratios Q,/Q:. We see therefore 
that in the summation in equation (32) we can almost always ignore 
all but the first term. 

Finally, then, ‘the theoretical equation (5) for fluidity, ¢, or re- 
ciprocal viscosity, 7, takes the form: 


_1_ 4018(1 — *)Be_ { et 
vee 4.0962kT 





34 
» (—2p)(7—5ps (34) 
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For purposes of computation the equation can be written, by using 
equation (9): 


A 
...- 3 exp | BG<} 


A | 


_ 2.30 x 10-°M"“D”* 


(BD)? 
1.322 XK 10-*M 
B= : . (35) 
TBD 
. (1 — p*)G,'” 
G, = —— 
(1 — 2p)(7 — 5p) 
2(1 — 2p) 
@ wkd See 
1+ p 
Tabs « gives some numerical values of G,; and G». 
TABLE I 
p —0.2 0 0.1 0.15 0.2 0.25 
G, 0.1972 0.2476 0.2984 0.3328 0.3768 0.4375 
G, 4.5 3.0 2.455 2.217 2.0 1.8 
p 0.3 0.35 0.4 0.43 0.45 5 
G, 0.526 0.670 0.953 1.314 1.792 ro) 


G. 1.615 1.445 1.286 1.196 1.138 1.0 


COMPARISON WITH EXPERIMENTAL DATA 


While the scientific literature abounds with viscosity data at at- 
mospheric pressure, there are relatively few liquids for which there are 
also data for the compressibility or for the velocity of sound; and 
even fewer liquids for which such data exist over a range of tempera- 
ture and pressure. The suitable data that could be found are em- 
ployed in this section to test the above theory of viscosity. 

With regard to the procedure that is used, it is to be noted, first, 
that the two parameters in the final equation, p and ¢, are known as to 
order of magnitude and are therefore not adjustable without limits. 
As the major test of the theory, therefore, we investigate whether the 
experimental data can be fitted by values of the parameters in the ex- 
pected ranges. 

The values of p for most solids lie between 0.2 and 0.4, and the 
value 0.5 is the upper possible limit. According to the data reported 
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by Raman and Venkateswaran,‘ the value for glycerin is 0.28. This 
is the only value known for liquids. The values of ¢ probably should 
lie somewhere between a few per cent and 2. The former estimate 
comes from considerations of the expansion required to permit close- 
packed spheres to move. The latter estimate comes from the ratio of 
the critical volume to the volume near the melting point, which is ap- 
proximately 3 for many materials. 

In most of the published viscosity equations 7' occurs only as 1/7’ 
in an exponential term, and all parameters in the equations are as- 
sumed to be independent of temperature. The observed logarithmic 
derivative of viscosity with respect to reciprocal temperature there- 
fore determines directly the coefficient of 1/7 in the exponential. In 
the present theory the temperature coefficient of viscosity cannot be 
used in this simple manner, because 8, which enters into the equation, 
varies considerably with both temperature and pressure. Conceiv- 
ably, 8 at constant volume might be constant. However, according to 
Bridgman’s data on mercury, this is not quite true either, although it is 
true that the variation of 8 with 7 at constant volume is much less 
than its variation with 7’ at constant pressure. Furthermore, we 
cannot assume that either p or ¢ will be a constant for any chosen 
liquid. It is known that p in solids varies with temperature and pres- 
sure. The only reasonable assumption with regard to « is that (1 + 
¢)/D is constant; but experimental data in most cases examined fail 
to support this assumption. In the following analyses of experimental 
data it will be assumed that p or « is constant only when the data in- 
dicate or permit it. Unless otherwise stated the data used in the 
analyses below are to be found either in Landoldt-Bérnstein or in 
Iniernational Critical Tables. 

Molten metals, particularly those that crystallize in the cubic sys- 
tem, are perhaps the simplest of monatomic liquids and the liquids 
most likely to behave in accordance with the preceding theory. There 
are four molten metals in which the velocity of sound has been meas- 
ured, at the melting point in three out of the four cases. _Compressi- 
bilities were computed by equation (9). 

Since these are single point data, with no variation in temperature 
or pressure, it is impossible to determine both p and e¢; but, ifa 
reasonable value is assumed for one of the parameters, the other can 
then be computed. If the value 0.25 is assumed for p, reasonable 
values are then found for ¢ for the two metals sodium and potassium. 
The values are shown in Table II. 

However, there is difficulty with tin and mercury. For these two 
metals Gin/A turns out to be less than 1: and the computed values of 
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TABLE II 
Metals at Melting Point 
107 X », 10" X 8B, D, é 
Metal 7. ah poise em.*/dyne g./em.2 p=0.25 p = 0.40 
Sodium...... 97.5 0.605 18.7 0.97 0.093 — 
Potassium... .. 62.3 0.537 36.2 0.83 0.082 — 
Tin.. ; 232 1.97 2.79 7.2 0.059 
Mercury (not at 
A ee 20 1.55 3.73 13.55 0.037 


« are therefore imaginary. It is found that real values of ¢ are ob- 
tained if we choose p = 0.40. The values of ¢ are then 0.06 for tin and 
0.04 for mercury, which seem a little low but not impossible. Before 
trying to justify the high values of 0.40 for p, it is preferable to ex- 
amine Bridgman’s” data for mercury over a range of pressures. 

The data are presented in Table III. The pressure~volume—tem- 
perature data reported by Bridgman permit the computation of the 
isothermal compressibilities, 8, To convert to adiabatic compressi- 
bility, 8, use is made of the thermodynamic equation: 


B = B, — (a°T'/De,) (36) 


where a is the temperature coefficient of volume expansion and c, is 
the specific heat at constant pressure. 


TABLE III 
Mercury at Two Temperatures and Four Pressures with « = 0.05 


10? X 7», 10"* X 8, 
poise em.*/dyne D, g./em. p 

yorte sd 30° 75° 30° 75° 30° 75° 30° 75° 
P, atm 

WES 1.516 1.340 3.606 3.904 13.48 13.37 0.436 0.448 
4000.. 1.666 1.466 3.156 3.230 13.69 13.58 0.4388 0.450 
8000.. 1.829 1.604 2.716 2.776 13.87 13.78 0.448 0.453 
12000.. 2.018 1.769 2.164 2.258 13.92 13.93 0.450 0.462 


In analyzing the data of Table III it was found again that « is im- 
aginary if p = 0.25; but the data were successfully fitted by the theory 
by setting « = 0.05 and solving for p at each temperature and pressure 
combination. The values of p are again high, from 0.436 to 0.462. 
The significance of a high p is that the ratio of shear modulus of rigid- 
ity to bulk modulus is low, the ratio being zero for p = 0.5. 
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If we examine the data on the elastic constants of crystalline Hg 
obtained by Griineisen and Sckell,'' we find that this metal is highly 
anisotropic in its elastic moduli. The principal elastic compliances at 
— 190°C. are as follows (the value of s,, reported in Landoldt-Bérn- 
stein is off by a factor of 10): 


10"? x 8u S22 53 Su 855 866 Si2 813 823 
cm.?/dyne 15 (1.4) 45 15.1 (15.1) (546) -119 -—2.1 (-—2.1) 


The values in parentheses were added to the reported principal values 
on the basis that the crystal is rhombohedral. From these values it is 
possible to compute an average value for the compressibility 8, the 
shear compliance y, and Poisson’s ratio p:" 


B = 8&4 + 822 + 833 + 2(812 + 813 + S23) = 3.1 XK 10-", em.?/dyne 
Y = (84 + 855 + 8e)/3 = 28.3 X 10-", cm.*/dyne (37) 
p = (387 — 28)/2(8y + B) = 0.45 


Thus it is found that the mean value of p computed from the meas- 
ured properties of crystalline mercury agrees closely with the values 
deduced from the viscosity theory. 

Similar elasticity data on crystalline tin are lacking, but tin crystal- 
lizes in the rhombic or the tetragonal forms, and its elastic anisotropy 
may be similar to that of mercury. 

It is observed in Table III that p increases slowly but regularly with 
increasing pressure. This also is in agreement with observation on 
solids; for Bridgman" reports that p in metals and glasses increases 
with pressure. 

We turn our attention now to organic liquids. International Crit- 
ical Tables reports measurements of the adiabatic compressibility of a 
number of liquids at various temperatures, made by Gay and by 
Tyrer, by a method in which the volume expansion was observed when 
pressure on the sample was suddenly reduced to atmospheric. Lan- 
doldt-Bérnstein report measurements of the velocity cf sound in 
organic liquids at various temperatures made by Freyer, Hubbard, 
and Andrews. When the adiabatic compressibility is computed from 
the measured velocity, compressibilities are obtained which are in 
good agreement with the directly measured compressibilities, for those 
liquids which were measured by both methods. 

Before testing equations (35) with these data, it is desirable to ex- 
amine the expected effect of temperature variations, as indicated by the 








M, MOONEY 


TABLE IV 





Nonassociated Organic Liquids at Atmospheric Pressure and Several 


Liquid 


Bther....... 


Octane..... 


Heptane..... 


Bromoform...... 


Chloroform...... 


Carbon 
tetrachloride... 


Ethylene chloride 


Bengene......... 


Chlorobenzene. .. 


m-Xylene........ 


Carbon disulfide. . 


Ethyl acetate. ... 


T,°C 


0 
20 
30 

0 
20 
40 

0 
20 
40 
15 
30 

0 
20 
30 
40 


0 
20 
30 
50 
60 

0 
40 
70 

0 
10 


SVoSRVo SB SBA SSEVETE 


Temperatures 

10?x «=6—10" X& log 

” B (n/A) 
0.289 124.1 0.527 
0.233 138.7 0.482 
0.213 158.1 0.470 
0.706 78.6 0.798 
0.542 100.3 0.714 
0.433 118.3 0.654 
0.518 93.7 0.698 
0.413 109.7 0.637 
0.332 131.1 0.583 
2.15 39.4 0.882 
1.74 42.9 0.821 
0.706 57.7 0.645 
0.563 66.9 0.581 
0.514 73.0 0.561 
0.464 79.3 0.536 
1.340 . 61.1 0.889 
0.968 71.8 0.789 
0.843 78.0 0.738 
0.653 91.8 0.673 
0.585 100.0 0.638 
1.077 18 0.828 
0.652 64 0.676 
0.479 81 0.593 
0.912 55.0 0.848 
0.900 59.5 0.783 
0.564 70.7 0.695 
0.442 $4.1 0.626 
0.392 92 0.596 
0.799 55.0 0.7 
0.631 63.0 0.648 
0.431 82.0 0.544 
0.806 57.0 0.758 
0.620 65.0 0.671 
0.497 74.5 0.608 
0.420 51.6 0.481 
0.367 58.9 0.444 
0.318 67.8 0.415 
0.395 75.9 0.505 
0.322 89.3 0.546 
0.267 107.3 0.521 
0.578 69 0.681 
0.413 82 0.612 
0.324 108 0.556 


B 
45 


33. 


29 
90 
73 
59 
73 
60 
47. 
102 


65. 
54. 


48 .: 
43.‘ 
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0.277 
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equations. The compressibility, 8, increases considerably with tem- 
perature. Therefore the parameter combinations A and B will both 
decrease rather rapidly with increasing temperature. The parameters 
p and ¢ and the parameter functions G;(p) and G2(p) may conceivably 
change only slowly with temperature, perhaps at about the same (rel- 
ative) rate as dues the density. 

Suppose now that p and « for any liquid are constant or nearly so 
within the temperature range covered in the experiments. Then in the 
logarithmic form of equation (35.1): 


2.303 log (n/A) = 2.303 log (1/G) + €G.B (38) 


we see that log (n/A) is linear or almost linear in B. 

Table IV gives values of the viscosity, 7, the adiabatic compressi- 
bility, 8, and log (»/A) and B at various temperatures. For the first 
eleven liquids, terminating with carbon disulfide, a plot of log (n/A) 
against B gives graphs which seem to be rectilinear. Typical graphs 
are shown in Figure 4, curve 4 excepted. The last two liquids in Table 
IV, acetone and ethyl acetate, give nonlinear graphs, as shown by 
curve 4 which is for ethyl acetate. 

Clearly the log (»/A) intercept of a linear graph determines the 
value of G,, by the equation: 


G; = (A/n)o (39) 
p and G; are therefore determined; and ¢ can be computed from: 


; 2.303 d log (n/A) 
Oh ae dB (40) 


Values of p and ¢ are given in the last two columns of Table IV. 

The liquids have been arranged in the order of increasing p. With 
this sequence the first three liquids are short chains in molecular form, 
with 5, 8, and 7 atoms, respectively, in the chain. All the other 
liquids in the table are more nearly spherical in molecular shape. This 
indicated relationship between p and molecular shape can be under- 
stood if we recognize two facts: first, that the entanglements which 
the chain molecules undergo will increase the shear modulus more 
than the compression modulus; second, that p decreases as the ratio 
of shear modulus to compression modulus increases. 

The curvature of the graphs for ethyl acetate and acetone indicates 
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an appreciable variation of » or ¢ or both with temperature. Why this 
should be the case for these two liquids is not at present clear. 

It should be mentioned that the linear relationship between log 
(n/A) and B does not prove that p and ¢« are constant. p and « could 
vary with temperature if they both varied simultaneously in such a 
way that the slope of the log (n/A), B curve remained constant; but 
such a coordinated variation seems highly improbable. 
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Fig. 4. Nonassociated organic liquids at various temperatures and atmospheric 
pressure: (1) Carbon disulfide. (2) m-Xylene. (3) Ether. (4) Ethyl acetate. 
(5) Benzene. (6) Chloroform. (N) “Normal” curve for nonassociated liquids. 


Data for some additional organic liquids are given in Table V. 
These liquids all exhibit molecular association, the association being 
indicated by their dielectric and other physico-chemical properties. 
Association is indicated also by the high viscosity of any one of these 
liquids compared with that of another liquid of approximately the 
same molecular size and cohesive energy. 
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TABLE V 
Associated Organic Liquids at Atmospheric Pressure and Several Temperatures 
10? X 10? X log 
”, B, 
Liquid 7, poise em.*/dyne (»/A) B n 
Aniline... . 0 10.2 32.1 1.741 135 2.17 
20 4.4 35.6 1.400 115 
40 2.37 40.0 1.138 98.0 
50 1.51 42.3 0.975 90.3 
80 1.09 50.0 0.743 72.0 1.24 
Acetic acid........ 20 1.275 80.5 1.100 32.1 4.06 
40 1.007 93.0 1.031 26 .6 
70 0.600 115 0.855 20.3 3.84 
Methyl alcohol. ... . 0 0.820 87.7 1.037 21.8 5.01 
20 0.597 100.6 0.934 18.1 
0.403 125.2 0.798 13.7 4.44 
Ethyl alcohol. . . 0 1.77 80.4 1.297 32.2 5.12 
20 1.20 92.5 1.164 28.4 
50 0.70 116.8 0.981 19.5 5.08 
Cenc. 12,100 20.5 4.740 170.7 5.33 
30 629 21.9 3.439 152.9 4.17 


The relationship between molecular association and high viscosity 
has been emphasized by Bingham," and is revealed by any empirical 
or theoretica] equation relating viscosity to molecular properties. In 
the present case the points representing the data of Table V would lie 
for the most part well above the curves drawn in Figure 4, represent- 
ing nonassociated liquids. 

The effect of association can be included in the present theory 
simply by multiplying M, the molecular weight, by n, the average de- 
gree of association, wherever M occurs in equations (35). Unfortu- 
nately, when this is done the resulting equations contain one more un- 
known parameter n. With our present limited knowledge of the 
liquid properties postulated in this theory of viscosity, the best pro- 
cedure for evaluating n is probably to assume reasonable or “normal” 
values for p and «. The broken curve in Figure 4 is taken to be the 
normal, or approximately correct, curve for a simple nonassociated 
liquid. The corresponding parameter values are « = 0.08, p = 0.288, 
G; = 0.5, G, = 1.655. 

If we now make the additional large assumption that these param- 
eters are not altered by molecular association, equation (35.1) can 
be solved for n: 
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n i. 3 
(tog — — log—, = log n) 
2 303 A G; 3 ae 
[ BeG, 7 
2.174 X 10° 


B 


Values of n computed by equation (41) for the extreme tempera- 
tures of each liquid in Table V are shown in the last column of the 
table. 

Bridgman" has made measurements of the viscosity and relative 
volume of a number of organic liquids at two or three temperatures 
and over a range of pressures. These data have been analyzed, some 
of the results being shown in Table VI. Since the viscosity and the 
volume data are not given for the same temperatures, interpolations 
were necessary. The viscosity data were interpolated or extrapolated 
to the temperatures of the volume data, a linear relationship between 
log 7 and 1/7’ being assumed. 

The computations of the isothermal compressibilities and from them 
the adiabatic compressibilities by equation (36) are involved and 
full of uncertainties. It is doubtful that Bridgman’s volume data are 
spaced closely to give a reliable value of the compressibility at atmos- 
pheric pressure; and accurate values of a and c, are lacking for many 
of the computations involving equation (36). Consequently the adia- 
batic compressibilities given in Table VI must be considered to be of 
low accuracy. 

In spite of this necessary reservation, Bridgman’s data lead to some 
interesting and informative results. Referring again to equation (38), 
we note that if p and « are constant, log (n/A) is still linear in B re- 
gardless of whether variations in A and B are induced by variations in 
temperature or pressure or both. 

Figure 5 shows a few isothermal curves of log (n/A) versus B. For 
the eleven liquids listed in Table VI, such curves show that the iso- 
thermals are in most cases closely linear, and that the isothermals for a 
given liquid nearly coincide. Furthermore, the curves of Figure 5 are 
in approximate agreement with the “normal” curve for nonassociated 
liquids in Table III. All of the plotted points for the liquids in Table 
VI lie within the roughly trapezoidal envelope drawn in Figure 5. 
Thus the predictions of the theory for constant p and « seem to be 
roughly correct. The statistical record is as follows: For seven out of 





n l 
(10g A + 0.301 — 3 log n) (41) 
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Fig. 5. Nonassociated organic liquids at various temperatures and pressures. 
N is the “normal’’ nonassociated liquid. 


the eleven liquids, the different isothermals are slightly but distinctly 
different. Of the isothermals with three experimental points, corre- 
sponding to three different pressures, six show no significant curvature, 
three show slight curvature toward the B ax:s, and one shows slight 
curvature away from the B axis. It is uncertain at present whether 
these variations are due to variations in p and « or to errors in the 
computed compressibilities. Where comparisons are possible, the 
adiabatic compressibilities computed from Bridgman’s data are con- 
sistently lower than those in Tables IV and V. 

Associated organic liquids measured by Bridgman are shown in 
Table VII; and some of the corresponding log (n/A) curves are plot- 
ted in Figures 6 and 7. Most of these isothermals lie far above the 
normal curve for nonassociated liquids. These curves exhibit the ex- 
pected temperature spread in that the higher the temperature of a 
given liquid, the lower is the isothermal curve, corresponding to a 
lower degree of molecular association. It is observed also that with 
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Fig. 6. Alcohols at two temperatures and atmospheric pressure: (1) Methy! 
alcohol, 80°C., (2) 20°C. (3) Ethyl alcohol, 80°C., (4) 20°C. (5) n-Propyl 
alcohol, 80°C., (6) 20°C. (7) Isobuty! alcohol, 80°C., (8) 20°C. (N) “Normal” 
nonassociated liquid. 
































2 
4 
/ 
a 2% 
P "4 
* hs 
// La 
47 3 
! ee 
FZ4F 
4 4 
g 4 
£& 4 
: 4 
= 
% 200 400 
B 


Fig. 7. Ethy! halides at two temperatures and atmospheric pressure: (1) Ethy] 
chloride, 80°C., (2) 20°C. (3) Ethyl iodide, 80°C., (4) 20°C. (N) “Normal” 
nonassociated liquid. 
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the exception of isobutyl alcohol the curves all bend toward the B- 
axis. This signifies that, with the exception noted, pressure, like tem- 
perature, depresses association. The regular increase in viscosity with 
the number of carbons in the alcohol indicates a regular increase in 
association or in the effect of association on viscosity. 

The data for the last three liquids in Table VII all fall within or 
nearly within the envelope of Figure 5. Nevertheless, they are 
grouped with the associated liquids because they exhibit a consistent 
pattern of departure from the linear law for nonassociated liquids. 
The data for ethyl chloride and ethyl iodide are shown in Figure 7. 
The data for ethyl bromide are not plotted, but they fall in positions 
intermediate between the corresponding points for the other two 
liquids. These curves indicate that the ethyl halides are somewhat 
associated, the degree of association increasing from the chloride to the 
iodide. This conclusion is in agreement with the dielectric constants 
in solution reported by Smyth.” 

Table VIII presents Bridgman’s data on water at pressures up to 
4000 kg./em.*. The values of the viscosity at 50 and 95° were inter- 
polated linearly on a log 7, 1/T plot. 8 is computed by the method 
previously described. The values of relative volume are given directly 
by Bridgman at the same values of 7 and P in the table and hence are 
not reproduced here. 


TABLE VIII 
Water at 0 to 95°C. and 0 to 4000 kg./cm.* Pressure 
with p = 0.25 and e = 0.07 


10? X 2, 10-" X 8, n degree of 
10° x P, poise em.*/dyne association 
kg./cm.* 0° 50° 95° rr wUCUmRr rr + 

a oe 1.792 0.612 0.288 51.3 41.5 42.0 9.06 3.89 1.64 
Sandee 1.649 0.639 0.335 37.9 33.2 33.5 6.40 3.19 1.51 
— EP 1.714 0.676 0.360 28.4 26.1 26.9 4.40 2.57 1.35 
3....... 1.835 0.732 0.304 22.1 21.2 21.8 4.05 2.16 1.20 
Ciiteans 1.990 0.794 0.436 17.9 17.9 18.6 3.32 1.99 1.15 


A remarkable feature of the viscosity data at 0°C. is the minimum 
at a pressure of 1000 kg./cm.*. The effect of pressure at all tempera- 
tures in other liquids is to increase the viscosity continuously. An- 
other peculiar relationship shown in the table is that the compressi- 
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bility at T = 0°C., P = 0, is higher than at 7 = 50 or 95°, P = 0. It 
is well known that the viscosity at atmospheric pressure is not an ex- 
ponential function of 1/7’, and that the computed activation energy 
is not a constant. 

These peculiar properties of water undoubtedly result from its high 
molecular association by hydrogen bonds and from the fact that ice, 
which is water in a completely associated state, has a lower density 
than has liquid water at 0°C. The facts reviewed here indicate that 
the degree of association in liquid water is strongly variable and should 
be a monotonically decreasing function of both temperature and pres- 
sure. 

The values of n, degree of association computed by equation (41), 
are shown in the last three columns of Table VIII. It is seen that n 
behaves as expected, decreasing steadily with the increasing pressure 
and increasing temperature. This property of n is not altered by 
changes in the parameter values within the range indicated above. 

It should be pointed out here and perhaps emphasized that we have 
succeeded in explaining the anomalous viscosity properties of water, 
including the minimum at P = 1000 kg./cm.* and 7 = 0°C., with con- 
stant, normal values of p and ¢ and a variable n of the expected proper- 
ties, with no minimum. With no independent method for determin- 
ing any of these parameters, this is as far as we can go in testing the 
theory with these data. 

The final set of data to be examined are those for liquid CO». The 
reported measurements were made with the liquid and the gas not far 
from the critical temperature; and all the viscosity data, when plot- 
ted against density, give a smooth curve, nearly the same for all tem- 
peratures, a curve which shows no discontinuity between the liquid 
and the gaseous state. 

Using a theory of the viscosity of liquids to interpret these data may 
therefore be trying to apply the theory beyond its proper field; but it 
is perhaps interesting to make the test and see the results. 

Two values of the density are chosen for analysis, D = 0.75 and D 
= 0.65 g./em.?. The corresponding values of the viscosity for 7 = 30, 
35, and 40°C. are read from the plotted viscosity data, the value at 
T = 40°, D = 0.75 being an extrapolation. The required isothermal 
compressibilities were computed from the slopes of the volume-pres- 
sure isotherms; and the adiabatic compressibilities were computed 
therefrom with the value of the specific heat at constant volume as 
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given by Dieterici (reported correctly in Landoldt-Bérnstein, ineor- 
rectly inJCT). 

In order to avoid imaginary ¢ values it was again necessary to de- 
part from the normal values of p; and even when this was done quite 
large values of « were found. It was then decided in this case to as- 
sume a constant « for each density, the value chosen being such that 
(1 + «)V = V., where V is the specific volume at the chosen density 
(that is, V = 1/D), and V, is the critical specific volume, which is 2.15 
em,*/g. 

Table IX gives the resulting values of p found necessary to agree 
with the experimental data. If we accept a considerable variation of 
p with temperature at constant volume, the results of the analysis for 
D = 0.75 g./cm.* appear reasonable. On the other hand, the zero and 
negative values of p at D = 0.65 may be characterized as startling, if 
true. However, some reasons can be advanced for believing that they 
may actually be true. The points at D = 0.65 are all on the shoulders 
of the P, D curves, just before the density takes a sudden large drop as 
the pressure is decreased. In other words, the liquid is on the verge of 
losing its cohesion and expanding into a gas. In this condition it is 


TABLE IX 
Carbon Dioxide at Three Temperatures and Two Densities 


10? X 9 10” x 8 
D, g./em.? 30° 35° 40° 30° 35° 40° 
0.75 0.066 0.067 (0.065) 10.0 13.5 26.2 
0.65 0.047 0.050 0.050 100.9 60.0 61.5 
p 
D, g./em.? 30° 35° 40° € 
0.75 0.42 0.37 0.26 0.60 
0.65 —0.23 0.00 —6.01 0.40 


conceivable that, if a column of the elastic liquid is quickly pulled and 
extended longitudinally, the cohesion forces may be so weakened that 
the column, instead of contracting laterally, expands laterally due to 
thermal molecular vibrations. Such behavior is described by a nega- 
tive value of p. Another and perhaps equivalent interpretation is to 
suppose that at the critical point the shear modulus remains nonzero 
while the bulk modulus becomes zero. 
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DISCUSSION 


The preceding tables show that the proposed theory of the viscosity 
of elastic liquids gives satisfactory agreement with the measured vis- 
cosities of a number of simple liquids and some associated liquids. The 
required values of the parameters fall in the expected ranges for the 
most part; and, when the values are outside of these ranges, there are 
special reasons which can be suggested to explain the exceptional 
values. 

The theoretical approach in this viscosity theory can probably be 
extended to yield a theory of self-diffusion. When this is done some 
cross-checks on some of the parameters should be possible, when the 
required data are available. 

The mathematical treatment of n, the degree of association, is per- 
haps reasonable if n = 2. However, when n is much greater than 2, 
some unresolved questions become important. Are the associated 
groups flexible chain structures or rigid spherical clusters? Are all 
groups approximately of the same size? If the average degree of as- 
sociation is large, does the flow take place principally within regions of 
low degree of association, acting as a lubricant for the large associated 
groups? How do these possible variable factors affect the values of 
pand «? Obviously we have much to learn before we can develop an 
accurate measure of association based on viscosity data. 

With the mechanism of flow in the present theory the concept of ac- 
tivation energy has become complicated; and it is not clear how any 
reasonable concept of it is related to the temperature coefficient of 
viscosity. The simplest approach is to assume, as an approximation, 
that the compressibuity is independent of the volume, and that p and 
e also are constant. The activation energy at constant volume, £,, 
can then be computed by the usual procedure. This has been done 
for benzene and the results compared with the experimental measure- 
ments of viscosity at constant volume by Jobling and Lawrence." 
The computed values show the same trend with density as do the ex- 
perimental data, but are slightly lower. Thus at a density of 0.868 
the computed value of EZ, is 0.59 kcal./mole whereas the measured 
value, as read from the published graph, is 0.70 kcal./mole. The dis- 
crepancy is presumably due to the failure of the assumption of con- 
stant compressibility at constant volume. It is to be observed that the 
computation of EZ, is here made by an application of the theory to the 
data in Table III, showing measurements at constant pressure only. 
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When we consider the activation energy at constant pressure and 
the related problem of the temperature variation of viscosity at con- 
stant pressure, we encounter the difficulty that the compressibility at 
constant pressure varies rapidly with temperature and cannot be con- 
sidered even approximately constant. Therefore, even if Poisson’s 
ratio and the critical expansion were constant, the present theory 
could not predict the variation of viscosity with temperature at con- 
stant pressure without some theoretical or general empirical equation 
for the compressibility as a function of temperature and volume. 
These possibilities have not yet been explored; and the linear rela- 
tionship between log » and 1/7’ found for most liquids therefore re- 
mains unexplained for the time being. It is to be noted however that 
this linear relationship has been observed to fail in some cases near the 
melting point” and it will perhaps be sufficient to predict it as a 
limited approximation, not as a general, rigorous law. 

With regard to the concept of activation energy as applied to liquid 
flow, the present theory indicates that the basic process involved is not 
nearly so simple as a chemical reaction depending upon the supply of a 
certain amount of thermal energy to a simple complex relatively unin- 
fluenced in its reaction by its environment. The critical local expan- 
sion required for liquid flow can be thought of as a two-step process. 
The second step is the one analyzed in the present theory of viscosity. 
It consists in concentrating free volume in one region, but this hap- 
pens only at the expense of producing a higher density in other regions. 
The thermal elastic waves produce no change in the mean density. 
The total activation process therefore involves a pattern of energy dis- 
tribution that extends throughout the liquid. But this second step in 
the process must be preceded by a first step in which the average 
specific volume is increased enough to give an adequate supply of 
free space to be favorably distributed in the second step. The first 
step can therefore logically be considered as melting the crystal and 
then further expanding the liquid by adding more heat. The com- 
pressibility also is increased thereby. The higher the specific volume 
and the higher the compressibility the more easily is the second step 
accomplished. 

The complexity of the activation process indicated by this discus- 
sion explains, perhaps, why disagreement has arisen over what the 
activation energy of liquid flow really is, and whether it should be 
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measured by the temperature variation of viscosity at constant pres- 
sure or at constant volume."* Perhaps it is legitimate to postulate 
two different activation energies, depending upon what is chosen as 
the ground state for the system to be activated. Two possible choices 
of the ground state are, first, the crystal at the melting point and, 
second, the liquid at any temperature but with a uniform density an<i 
uniform distribution of free space. The first choice is probably closei; 
related to the measured activation energy at constant pressure and 
the second choice, to the measured activation energy at constant 
volume. The precise details of these relationships are not yet clear. 


This work was supported in its initial and important stage by funds from 
contract W44-109-QM-2030 with the Office of the Quartermaster General of the 
U.S. Army. 
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Synopsis 

Simple Newtonian liquids are assumed to have elastic rigidity and a high rate of 
stress relaxation, as suggested by Maxwell. It is postulated that in the basic 
mechanism of flow thermal energy produces a critical volume expansion in a region 
enclosing several molecules, and as a result the local rigidity and the shear stress 
are temporarily reduced to zero. The associated local molecular movements 
constitute a nucleus of stress release and of strain which are transmitted through- 
out the liquid with the velocity of sound. Many such events, in the aggregate, 
constitute the viscous flow. The theory, following Debye, treats the molecular 
thermal vibrations as the sum of elastic ultrahigh-frequency vibrations; and it 
makes use of Dewey’s formula for the mean elastic moduli of an elastic continuum 
containing small spheres of different elastic moduli. The resulting formula for 
viscosity involves the adiabatic compressibility, the critical expansion necessary 
for loss of rigidity, Poisson’s ratio, and the degree of molecular association if there 
is any. Agreement with published experimental data can be obtained with 
expected or understandable values of the adjustable parameters. 
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TRANSACTIONS OF THE SOCIETY OF RHEOLOGY VOL. I, 95-107 (1957) 


On Normal Stresses, Flow Curves, Flow Bire- 
fringence, and Normal Stresses of Polyisobutylene 
Solutions. Part I. Fundamental Principlee* 


W. PHILIPPOFF, The Franklin Institute Laboratories for Research 
and Development, Philadelphia 3, Pa. 


The question of normal stresses in steady flow has been discussed at 
length in the literature since 1946. Comparatively few measure- 
ments have been made in a large range of variables, especially in con- 
junction with other measurements of the flow propercies of the ma- 
terials. In the paper of Roberts,' the then existing theories of normal 
stresses were compared and it was concluded that the theory of 
Weissenberg* was the only one which satisfactorily describes the 
phenomena involved. We had the opportunity of improving both 
points: experimental facilities for measuring the flow birefringence, 
the flow curves, and the normal stresses were available; and the 
mathematical analysis of the existing theories of normal stresses was 
made in view of obtaining their basic similarity instead of their dif- 
ferences as emphasized by Roberts. 

The theories investigated in greater detail were those of Weissen- 
berg? and of Mooney.* The derivation of Rivlin‘ was discussed sub- 
sequently and it could be proved that it essentially gives the same re- 
sults. All these theories are “continuum-mechanical” ones; the 
possible correlation with molecular phenomena have been obtained in 
the previous paper.® 

The main principle involved in deriving a theory of normal stresses 
is the assumption of Weissenberg and Herzog (1928) that flowing 
solutions (of high polymers) have elastic properties.6 With this basic 
assumption, the deformational mechanics of elastic solids can be ap- 


* Presented at the Annual Meeting of the Society of Rheology, November 7, 
1956, in Pittsburgh, Pa. 
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plied to flowing solutions. This assumption has been tested and 
proved by Eisenschitz and Philippoff’ in 1933, as well as by Philippoff* 
in 1934, and the extensive subsequent dynamic investigation of polymer 
solutions. The assumption of Mooney (1951) is the statement: “In 
a flowing solution, a state of elastic stress is reached by an equilibrium 
of the stressing in laminar flow and the stress relaxation of the solu- 
tion.”” Both assumptions lead to a quantity termed “elastic re- 
coverable shear, s,”’ that was emphasized as an important parameter, 
similar to the Reynolds number by Weissenberg in 1946 and 1948 and 
introduced by Mooney’ in 1951. Both assumptions reduce the elastic 
effects in flowing materials to an “elastostatic”’ problem. In a recent 
paper® it was possible to show that the optically measured extinction 
or orientation angle, x, can be identified with the direction of the 
principal tensile stress in laminar flow. This leads to the definition 
of s from deformational mechanics which correlates this angle x with 


g°: 


8 = 2 cot 2x (1) 


Having through this relation s independently experimentally meas- 
urable, we have rechecked both the theories of Weissenberg and 
Mooney using as independent variable s or x. We have, further, 
found that the emphasis on plane shear is important in order to ob- 
tain simple experimentally accessible relations between the variables 
involved. 

We will review Weissenberg’s theory in an abridged form as it has 
been treated fairly extensively in previous literature. 

Weissenberg considers the stress tensor (which, it must be em- 
phasized, is valid in the form discussed only for isotropic bodies in 
plane shear) as a “‘deviator” (directions, see Fig. 2): 


Py — Pun Pe 0 
Py 0 0 (2) 
0 O Ps — Px 


This means that the stress condition in laminar flow is determined by 
three independent stresses: the shearing stress Py, and the “normal 
stresses” (Py, — Px and Px» — P33). 
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In discussing the stress tensor, use is extensively made of the rela- 
tion: 


>. = PP 
Py = Py 


fori #7. Only Kolsky" has given, as far as could be ascertained, a 
clear reason for this. Considering the equilibrium in a unit cube, the 
sum of the shearing stress of two opposite faces must be zero to elimi- 
nate any translational motion. Equally, the sum of the shearing 
stress on two neighboring faces must be equal to 0 in order for the 
moments to cancel, or else a permanent rotation results. This means 
that the mentioned relation is valid for any material, not only in the 
case of Hooke’s law. In plane shear Px, = P;; = 0, then only the 
one shear stress P», = P., remains. 

The relationship (2) is combined with the completely general state- 
ment of equilibrium of forces in a “‘volume element”’ or “‘unit cube”’ 
in spherical coordinates: 


OP3/(O Inr) = Pu + Px» — 2Px (3) 


and further, with the assumption of Weissenberg that due to its im- 
portance is quoted verbatim: 

“Let a material move from its virginal groundstate to some loaded 
state, and consider at any point in the material any two planes of dif- 
ferent orientation, each marked initially by a circle of unit area. We 
then find at every instant throughout the whole movement that the 
two planes will exhibit across the marked areas the same normal 
components of traction forces, provided the material was isotropic in 
the groundstate, and the planes suffered throughout the movement 
the same changes in their respective normal distances from parallel 
neighbouring planes. 

“There are many applications of the formulation given above. 
Consider for instance a material which in its virginal groundstate has 
isotropic symmetry. Let this material then be subjected to a move- 
ment in the form of a laminar shearing displacement with arbitrarily 
chosen experimental conditions concerning the form of the boundaries, 
the speed, the amount of displacement etc. We concentrate our at- 
tention in the immediate neighbourhood of every point on the series of 
meridian planes, i.e., on the series of planes of different orientation 
which all contain the direction of shear, and note that all members of 
this series retain unchanged throughout the movement any circle of 
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unit area marked on the surface, and suffer the same changes (of 
zero amount) in the normal distances from their respective parallel 
neighbouring planes. We then conclude from principle (c)* that any 
two meridian planes must exhibit the same normal component of 
traction force across a unit area at every point in the material, and 
every instant throughout the whole laminar shearing displacement, 
irrespective of the mechanical properties of the material, and of the 
arbitrary choice of the experimental conditions.” 

This leads in the well-known cone and plate arrangement used to 
the equality Px» = P33 and in the above-mentioned stress tensor 
to Px — Ps = 0. Outside the statement quoted verbatim, the other 
equations are well-known ones from deformational mechanics for 
the force equilibrium in elastic bodies to be found in such textbooks 
as Ibbetson’s' or Love’s.* These general statements are supple- 
mented by the calculation of (P;, — P) from the total thrust F in the 
cone and plate arrangement of radius R according to a formula quoted 
in Jobling’s"? thesis (integration of the normal stress over the area): 


Py _ Px = 2F/xk? (4) 


We see that Weissenberg's development is based on the principle of 
equilibrium of forces in the volume element in a completely direct 
manner, but it does not give explicitly, the connections between the 
rate of shear and shearing stress: “the equation of state’* of the ma- 
terial. 

In his first papers (as well as in the articles of Roberts), Weissen- 
berg did not mention quantitative relationships between the re- 
coverable shear and the normal stresses, except stating that they 
should be proportional. Mooney, as much as could be ascertained, in 
1951 published a quantitative relationship between normal stresses 
and the recoverable shear s. In 1954, Pilpel'* referred to a private 
communication from Weissenberg giving the calculation of “‘a modu us 
of rigidity 7,” ‘“‘a relaxation time 7," “C = (Pu — Px)/Px, a di- 
mensionless quantity that has been termed recoverable shear.” In 
his last paper, Pilpel'* stated “C to be in certain cases, a measure of 
network strain.” Jobling” introduced cot 2a = 2/C, where “af is 
the angle between the major axis of stress and strain velocity.” In 


* The equation of state. 
t See last paragraph of this paper. 
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the derivation that has just been given, ‘“Hooke’s law in shear” (i.e., 
the proportionality of the shear stress P,. to the recoverable shear C) 
has been assumed. The equations above tacitly assume that the 
properties of the material depend only on the viscosity, 7, and the 
shear modulus, G. The other quantities are derived from them, and 
the imposed shear stress Py». 

We will base the review of the theories of normal stresses on the 
theory of Mooney,’ modifying it as we go according to the points 
outlined above. The first derivation of Mooney has been modified 
in using a geometric construction adopted from Love (a “‘kinematic™ 
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Fig. 1. Deformation in simple shear. 


picture of plane shear) correlating the principal strains \, = deformed 
length/initial length (Cauchy measure) with shear strain s and the 
angle x for any amount of shear of a square in plane shear. This 
geometric construction is shown in Figure | for an arbitrarily chosen 
s = 1.4 or 140% shear deformation. The relation mentioned in 
equation (1) above follows directly from this construction. We have 
also drawn the unit circle that is deformed by the same shear into an 
ellipse whose main axis is inclined toward the direction of shear under 
the angle x; this is exactly the same as Weissenberg™ has been using 
since 1935 and serves only to demonstrate that these relationships 
are all identical. 
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Mooney uses the relations he described in his theory of “super- 
elasticity’’’’ (1940). We can, however, modify this slightly to in- 
corporate the discussion of Rivlin.‘ The strain energy function 
(Green, 1839) depends in tensor notation on three invariants of the 
strain tensor in the following way: 








W = CU + Cole + CsI (5) 
The principal stresses are: 
fe t > ow om Pa ow am we ow (6) 
eS ll Che 
where: 
I, = 3 +293 +203 -—3 
T. = NAR + AD? + AZ - 3 (7) 
I; = »7r2d3 


In classical deformational mechanics the deformation is referred to the 
deformed state (Euler). The stresses, however, are referred to the 
undeformed state (Lagrange). These conditions are identical as 
long as the deformations are infinitesimal, as is the case in classical 
mechanics. But using W, the stresses are referred to the deformed 
state and so are directly connected to a deformation of any magnitude. 
This has not been explicitly stated, though implied by Weissenberg, 
Mooney, and Rivlin. For incompressible materials, J; = 1 (see 
equation 8), ¢, = Ay;-OW/dd,. This differs from the classical ex- 
pression by the multiplication with ,. However, for infinitesimal 
deformation (A; *& 1) o; = OW/Odyj, which is the classical expression. 

The simplest case (assumption) possible is that C,, C2, C; are con- 
stants; i.e., the strain energy function is a linear relation of the in- 
variants of the strain tensor. For “soft” plastics, the incompressibil- 
ity relation holds (assumption which, however, can be experimentally 
verified) : 


then: 
I, = 1/02 + 1/3 + 1/23 - 3 (8a) 


According to Weissenberg,? J, can be compared with the “strain 
density ellipsoid” and J, above with the “reciprocal strain density 
ellipsoid.”’ 
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One obtains the principal stresses o, as a function of the principal 
strains \,, depending only on the constants C; and C, [C; = (4 + 
H)/2, C. = (4 — H)/2): 

G+H ., 
ee is ae p (9) 
For G = H, these relations become: o, = GA? — p, quoted in Tre- 
loar’s book'® and used by Weissenberg (1946). Introducing the re- 
lationship between the principal strains for the plane shear of incom- 
pressible materials, this becomes: 


A =A; Ae = 1/); As = ] 





G.s  - r | 
a* <P? a 7a’ OTR ee 
a r H , (10) 
on?" fe a OO a a ae” 
—_ H 2 
3 = “Pe - os 


These equations show that beyond the first-order term with Gs, we 
have a “second-order” term H-s* in all three directions of space. 
The term o, — o2 = 27/(sin 2x) is the one used in the construction of 
“Mohr’s circle.” 

Further, according to Mooney, we transform these equations” 
which are referred to the principal axis of strain to x, the direction of 
shear, y perpendicular to the plane of shear, and z perpendicular to 
them both: 


“ a 
sighted tal a © 
Fn 
te Ren Sy hin al (11) 
mae H , 
seit tie ee 
Tr = G-s 


These equations are identical to Mooney's equation (8). p is an 
arbitrary hydrostatic pressure which obviously does not cause any 
deformation in incompressible bodies. ‘Hooke’s law in shear,” 
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the last equation, results from the assumption of the linear relation 
between the strain energy function and the two strain invariants and 
does not depend on the constant 7, G being the shear modulus. It is 
not introduced directly here as an assumption; however, the as- 
sumption is put into the linear relations of the strain energy function. 

Up to here, we have used two constants as Mooney did in his theory, 
but it seems possible to introduce a new assumption: G = H. This 
not only requires Hooke's law in shear but the possibility of describing 
the elastic properties of the material by one constant only, G, which 
is identical with the aforementioned assumption of Weissenberg or 
Rivlin’s ‘‘neo-Hookean body.” A decision on how many constants 
are necessary is only to be obtained experimentally. Introducing 
G = H into equation (11), we obtain: 


o, = —p + */:Gs? 
oy = —p — '/Gs? 
o, = —p — '/,Gs* 
Tr = Gs 


(12) 


or by using the same notation as Weissenberg and assuming with Rivlin 
that the isotropic pressure, p’ = 0 (that is, considering the deviatoric 
stress alone) : 


p =p+'/;Gs =0 
Py =d¢d, = Gs? = rs 

Px Px = a & > 0 
Px» = te = Gs 


(13) 


Thus, we have reduced the observable quantities in shear to only 2: 
the normal stress ¢, = Py and the shear stress r,, = Py». Thisisex- 
actly equivalent to the formulation of Weissenberg. 

The above derivation for isotropic materials is based beyond the 
equations of classical mechanics on three assumptions that have been 
used, but not emphasized as such, by Weissenberg: 

1. Linear relation of W and J, or the ““Hooke’s law in shear.” 

2. Incompresribility. 

3. G = H or C, = 0, or description of the properties by one single 
constant G. 

4. Plane simple shear (laminar flow). 

These are Mooney's “postulates” in 1940.'7 











POLYISOBUTYLENE SOLUTIONS. I. PRINCIPLES 103 


To reduce these relations derived for a volume element to measur- 
able conditions, we introduce similarly as Weissenberg did the force 
equilibrium conditions, not in spherical but in cylindrical coordinates 
(the formulas are standard ones*'). We obtain the relation for rota- 
tional symmetry 0/0 = 0 and the experimentally imposed symmetry 
0/0Z = 0 as follows: (“body forces” are disregarded) : 


0a,/(0 In r) oe — G, 
Ore/(Olnr) = —2ry (14) 
Or,,/(0 In r) 


II 


— Tre 


The notations in cylindrical coordinates are visualized in Figure 2. 











IN( ) BRACKETS WEISSENBERGS NOTATION 
USED FOR CONE AND PLATE 


Fig. 2. Notation of forces in cylindrical coordinates. 


According to the different geometric arrangements now reviewed, the 
stress o, and shear stress, r,, are correlated with the different stresses 
o and r as will be seen presently. 


(1) The Cone and Plate Arrangement 


For the cone and plate arrangement with a thin slit (as used in the 
Weissenberg rheogoniometer) : 
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6 is the zx direction, Gg = Oz 
Z is the y direction, oz = Oy 
r is the z direction, o, = @; 
This leads to: 
Oo, G+H . 
—<—- «+B Gg —- Gg, = ———— &* 
Olnr 2 
and: 
G-H., 
G=- Cg @ . s- 


9 


The experimentally measurable quantity is oz. Only with Py; = 
Px (¢, = oz or G = H) do we obtain the relation used by Weissen- 
berg: 


0ez/(Oln r) = Gs? = r-8 (15) 


If we make this calculation in detail and consider the fact that Roberts! 
found (¢, = oz = 0 at rim exposed to the atmosphere) : 


0ez/(0 In r) = constant (16) 


for each rate of shear, we also obtainG = H. That means the validity 
of the relation found by Roberts is identical with the assertion that 
only one elastic constant, G, determines the equilibrium. This, in 
itself, is proof of Weissenberg’s relation P22, = P33 independent of the 
measurements of this equality with different liquids as performed by 
Roberts. We see that the equilibrium in cylindrical coordinates gives 
the same relationship (as it should be) as in spherical coordinates 
used by Weissenberg. 


(2) The Rotating Parallel Plate Arrangement 


The notations in this case are identical with the one for the cone 
and plate arrangement. Using Hooke's law in shear, we find the 
distribution of the Z component: 
¢ E +H G — 3H | 


on Cp ng 
iL 4 mr 4 





Cz = 


(17) 


where ¢ is the angle of twist. This equation was derived by Rivlin” 
in 1948. For the case G = H, we obtain: 


og = —(1/2)(¢?/L?)- GR? — r*) = o, (18) 
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This is derived, assuming the validity of Hooke's law in shear; how- 
ever, for a flowing solution, the torsional angle is proportional not to 
the shear stress but to the rate of shear. Under these conditions the 
shearing stress at each radius is determined by the properties (vis- 
cosity) of the material and the distribution of shear stress over the 
radius, which causes the normal stress az to become roughly a linear 
function of the radius instead of the quadratic dependence as shown 
in the preceding equation.”* 


(3) The Concentric Cylinder Arrangement 


For this case: 


6 = z direction, Og = O: 
r = y direction, o; = Gy 
Z = zdirection, oz = @; 


Using the well-known expressions for the shearing stress in the Couette 
arrangement we obtain the difference in radial pressures at the outer 
and inner radius to: 


Ao, = 1/,Gs?-(1 — c*) (19) 


Where s, is the shear at the inner cylinder and c = inner radius/outer 
radius. Introducing the expression for s,, we obtain Ac,: 


Ao, = Gg? - (1 + c*)/(1 — ce?) (20) 


where ¢ is the angle of twist of the inner cylinder against the outer 
cylinder. From the first equation, we see that, when c < 1, the value 
of Ac, quickly reaches a constant value equal to '/, of the one meas- 
ured in the cone and plate arrangement; however, for large values of c 
(thin slit), for s; = constant, Ac, approaches 0. This probably ex- 
plains the results of Garner, Nissan, and Wood,” as well as Mooney,” 
who did not obtain any normal stresses in the Couette arrangement 
with thin slits. For small values of c, Padden and DeWitt have 
measured normal stresses, as have Ward and Lord?’ successfully. 
This equation (20) is equivalent to the statement** that “normal 
stresses” are observable only for a stress gradient; however, this 
statement is valid only for the concentric cylinder symmetry (c < 1 
but not too large!) 
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(4) The Capillary 


For this case: 


Z = z direction, O: = Gz 
r = y direction, Oo, = Gy 
@ = z direction, oo = O; 


For the capillary, as is well known, the shearing stress, 7, is equal to: 
r = rp/2L 
r=r,-r/R 


The equation for the normal stress is: 


Oc, G-H., (21) 
-=¢,—-— = 8? 2 
dinr ” ” 2 
In the case of G = H, we obtain ¢, = o, = —p’ + 78, and o, = con- 


stant. Integrating the equation for cz over the area of the capillary, 
we obtain the relationship for the mean tensile stress in the capillary 
o, = '/2 Tr8e, Where rz is the maximum shearing stress at the wall and 
8, is the maximum shear strain at the wall, or introducing the extinc- 
tion angle xz at the wall: 


or = Tr COt 2xr (22) 


This derivation shows that, in laminar flow in a capillary, the “normal 
stresses” cause an axial tension. This has been known since 1893,* 
and has been called, by Houwink, the ‘‘Barus effect.’’** 

The foregoing discussion has shown that the normal stresses can be 
measured in a variety of geometric arrangements. The experi- 
mental correlation of the results with different geometries has not yet 
been done. However, we have enough information to draw the 
following conclusions about the nature of the normal stresses. 

1. Normal stresses occur in elastic bodies—either elastomers 
(vuleanized rubber) or solutions. 

2. They are the result of a “finite shear” that justifies their being 
called “‘secondary stresses.” 

3. They are a manifestation of a reversible elastic energy in a 
flowing material per unit volume, E = '/, Gs*.** 

4. The “recoverable shear s,” which causes them in steady flow, is 
the result of an equilibrium between stress buildup and relaxation. 
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5. They can be described in the simplest way for an incompressible 
material which has one shear modulus G: for the ‘‘neo-Hookean 
body.” 

6. They can be measured in suitable geometric arrangements, 
preferably in plane shear. 

7. In plane shear with G = H the action of the “normal stresses” 
is a “pull” in the direction of shear.* 

8. No other constants but G and s, which are dependent on the ex- 
perimental conditions, material, concentration, solvent, and tempera- 
ture are necessary to describe the normal stresses. 

9. Weissenberg assumes Px, = P3, for any material, whereas 
Mooney, and therefore the described derivation, shows, that only for 
G = H isthis valid. The general experimental proof of this relation is 
still to be given. (Weissenberg?" introduced the “effective angle 
2a”’ between the direction of the principal axis of the stress tensor and 
the one of the strain velocity tensor. This last ene, according to him, 
is oriented always under 45° to the direction of shear. Thus, as is 
easily seen from Figure 1, 2 x = 90 — 2a and this angle a is no new 
parameter, but is another expression, through equation (1), of the ‘‘re- 
coverable shear s.’’) 


See pages 117-118 for the References and Synopsis of this article. 
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On Normal Stresses, Flow Curves, Flow Bire- 
fringence, and Normal Stresses of Polyiso- 
butylene Solutions. Part II. Experimental 


JOHN G. BRODNYAN, F. H. GASKINS, and W. PHILIPPOFF, 
The Franklin Institute Laboratories for Research and Development, 
Philadelphia 3, Pa. 


PROCEDURES 


Having described the theory of the effect in the preceding paper, 
we now proceed to test the conclusions. Experimentally, we used 
the same equipment that was described in the previous publication.® 
We supplemented the Weissenberg rheogoniometer by using rigid 
“top plates,” eliminating the possibility of measuring shear stresses 
with the Weissenberg rheogoniometer, as the operation of the instru- 
ment became much more stable. By changing the diameter of the 
top plate, we could verify the equation for the normal stresses used 
by Jobling."* The material tested was P-100, polyisobutylene, ob- 
tained from Esso Research & Engineering Co., Linden, New Jersey, 
in chemically pure Decalin. The concentration was varied in as large 
a range as possible, the practical limits being 9 to 0.1%. 


Results 


In Figure 3, the results of the normal stress experiments are plotted : 
the normal stress P;, — P22 as functions of the rate of shear D. 

In Figure 3, we also have the flow curves: the dependence of the 
rate of shear D on the shearing stress r, measured in the lower part 
with a rotational viscometer, in the top portion in the capillary vis- 
cometer. Both experimental arrangements gave an exact overlapping 
of results. 

In Figure 4, we have the birefringence measurements: the degree 
of birefringence An and the orientation angle x are plotted as func- 
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Fig. 4. Birefringence An and extinction angle x vs. rate of shear D (composite for 
polyisuputylene in Decalin solutions). 


tions of the rate of shear D. The dotted lines give the limits of meas- 
urement: on top the limit of turbulence, at left the sensitivity, and at 
right the range of the optical compensator, or the heating of the 
solution in flow. 

We see that the range of variables used in these investigations is 
well above anything reported until now. Especially, the flow curves 
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Fig. 5. Birefringence An as function of one-half the difference in principal stress, 
(1/2)AP = +/sin 2x (polyisobutylene in Decalin solutions). 


have a very distinct 8 shape and at high rates of shear the limiting 
viscosity, 7., could be reached experimentally in each separate case, 
sometimes in a region of nearly one decade in the rate of shear. 

The measurements of the normal stresses have the greatest ex- 
perimental errors; however, they are not less precise, and are prob- 
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ably better, than the measurements of Jobling’? on similar solutions 
in a far smaller range of variables. 


Discussion of Results 


In Figure 5 we have plotted the evaluation of the birefringence 
measurements in the way suggested by Lodge:* plotting An, the de- 
gree of birefringence, as a function of '/, the difference of principal 
stresses r/(sin 2x). We have plotted all our values without any cor- 
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Fig. 6. Recoverable shear strain s as a function of shear stress r (polyisobutylene 
in Decalin solutions). 


rections between 9% polyisobutylene and 0.1% polyisobutylene in 
Decalin. In all cases, the points lie with some scatter on a straight 
line in the whole range of around three decades in both principal 
stresses and birefringence. This would mean the “stress optical law”’ 
valid for solids has been proved for polyisobutylene and its solutions 
in the experimentally investigated range. Therefore, the investiga- 
tion of the degree of birefringence does not give any more information 
than a measurement of the difference in principal stresses. 
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In Figure 6, we have plotted the recoverable shear s as a function 
of the shear stress r calculated according to eq. (1) (p. 96) for the whole 
range of concentrations for polyisobutylene. We see that the values 
are definitely dependent on the concentration, as can be also seen 
from the direct measurements reported in Figure 4. However, the 
dependence of s on + is essentially linear. In some of our measure- 
ments, the angle measurements at low An were seriously affected by 
the presence of some impurity (either cellulose fibers or zinc stearate) 
from the polyisobutylene that caused a strong birefringence even 
without flow with an orientation angle of 90° when referred to the 
direction of flow of the polyisobutylene solutions, causing small s to 
be too small. Such a phenomenon has been observed by Zvetkov 
and Petrova" and is attributed to the orientation of microscopic 
particles that have a very low rotational diffusion constant. Waiting 
overnight eliminated this phenomenon and an effective filtration of 
the low viscosity solutions caused it to disappear. Therefore, the 
measurements of the 3 and lower per cent solutions are more accurate 
than the ones with the 5 and 9% solution that could not be filtered be- 
cause of their high viscosity. We see that s reaches values of 20, 
which is roughly double the value for the maximum extension of 
rubber. G is reasonably constant in the whole range, supporting 
the assumption of the validity of ““Hooke’s law in shear” to consider- 
able deformations, much in excess of anything known heretofore. 
However, the proportionality between G and the concentration as re- 
quired by Peterlin’s theoretical equation® is not present. In order to 
bring the values to coincidence as is generally used in the method of 
reduced variables, we have to shift the values along the c axis by values 
that are slightly more than proportional to the concentration. Simi- 
lar behavior has been observed in dynamic tests on polyisobutylene 
by Padden and DeWitt.*% These experiments, therefore, prove that 
Lodge’s assumption™ is valid in the whole range available for in- 
vestigation and that the concentration-dependence of the flow bire- 
fringence experiments is confined to the orientation angle x. It is 
not astonishing that quantitative relationships derived for dilute 
solutions should be only qualitatively true for the ones investigated, 
which cannot possibly be considered dilute. 

In Figure 3, we have plotted, besides the direct measurements of 
the normal stresses with the Weissenberg rheogoniometer, the values 
calculated from the shear stress r and s, as determined by the flow 


<< 
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birefringence measurements. We see that both the curves essentially 
coincide in the whole range measured. 

At high shearing stresses, about 1000 dynes/cm.*, the measurements 
in the Weissenberg rheogoniometer, which has no effective tempera- 
ture control, deviate from the measurements in the capillary viscom- 
eter in the rate of shear (Fig. 3) as well as in the normal stress cal- 
culated from birefringence. This deviation is probably caused by 
heating of the solution under these high rates of shear. This fact is 
further proved as we can calculate x from the measurement, with the 
Weissenberg rheogoniometer and they check with x measured in flow 
birefringence much closer than the normal stresses or shear 
stresses alone. We see that at low rates of shear the normal 
stresses disappear, the slope being roughly proportional to D?. 
This relationship was proposed by Padden and DeWitt, Mooney,’ 
and Rivlin**; however, at high rates of shear, the normal 
stresses become nearly proportional to the rate of shear, as 
has been observed by numerous investigations including Rivlin and 
Greensmith.** From the flow curves in Figure 3 and the normal stress 
measurements in Figure 3 we see that, as a general rule, the normal 
stresses become unobservable as soon as the viscosity reaches a con- 
stant value: the initial viscosity no. 

The very exactly measured flow curves reach at high rates of shear 
the final viscosity 7.. We have plotted 7. against the concentration 
and have found, as previous measurements by Philippoff* in 1936 
have shown, that it is proportional to the concentration. The slope 
(n,,/c with c in weight per cent) gives the value of 3.3. The plot of 
the initial viscosity mo vs. concentration gives an exceedingly steep 
curve which, however, merges into the zero point, with a slope 
of 5.1. In this particular case, we have shown that the non- 
Newtonian behavior of polyisobutylene is caused mainly by interac- 
tion of the molecules in solution, for this diminishes considerably at 
highly dilute solutions. The disappearance of the non-Newtonian 
viscosity is the requirement of both Zimm** and Lodge*® for the be- 
havior of coiled molecules in laminar flow. Whereas the non-New- 
tonian viscosity, as has just been said, essentially disappears, the 
flow birefringence and the flow orientation continue. The residual 
non-Newtonian viscosity is probably caused by the incomplete free 
rotation in the isobutylene monomer molecule. 

Furthermore, it has been stated by Peterlin and Signer® that the 











1146 J. G. BRODNYAN, F. H. GASKINS, AND W. PHILIPPOFF 


shear stress to be correlated with properties in flow birefringence is 
the increase in shearing stress at a certain rate of shear above the one 
for the solvent. However, in Figure 5 we have plotted the stress- 
optical coefficient using the whole shearing stress and obtained coin- 
cidence between the dilute and concentrated solutions. We must, 
therefore, conclude that the whole shearing stress has to be used in 
discussing the mechanical properties of high polymer solutions. 
The difference in the values for the 0.1% solution would be about 1 to 3 
if we took the whole shearing stress or only the increment ahove the 
one for the solvent, which is far above the experimental error. 

The mathematical analysis presented, together with the experi- 
mental results, tend to support the assertion that ‘“‘normal stresses” 
are a necessary phenomenon complementing the more usual shear re- 
lation in laminar flow. Especially the investigations of Ward and 
Lord”’ have shown that, even with considerable normal stresses, the 
relationships used for a concentric cylinder geometry remain valid. 
Greensmith and Rivlin®* have shown with a very high precision that 
the normal stresses depend only on the rate of shear, as they changed 
the geometry considerably and could well correlate their experimental 
results in this way. 

However, the correlation of D and P,, — P is still incomplete ex- 
cept for the comparatively trivial case of small s. The same per- 
tains to the correlation of dynamic tests with the steady flow experi- 
ments. Both correlations involve the ‘equation of state.” 

From the developments shown, one sees that the correlations are 
more easily made for “the equilibrium of forces” than for ones in- 
volving rate of shear D. Therefore the measurement of the flow 
birefringence as a function of D, without the simultaneous determina- 
tion of the flow curve, is incomplete. All this emphasizes the necessity 
of using a variety of methods simultaneously in a large range of vari- 
ables to obtain a satisfactory description of the mechanical properties 
of polymer solutions. This is a somewhat complicated and costly 
procedure, but in the present stage of development of this field 
it is not to be ignored. 


This work was carried out as part of a Contract with the Army Chemical Center, 
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especially the assistance for obtaining the costly equipment necessary. The 
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Synopsis 

A mathematical analysis of the existing theories of normal stresses is made. 
It can be shown that they all give identical results and are based on the same 
three basic assumptions when one discusses large elastic deformations. Experi- 
ments in a wide range of variables showed that the normal stresses disappear as 
soon as the viscosity becomes constant at low rates of shear. The proportionality 
between the degree of birefringence and the difference of the principal stresses 
could be confirmed in three decades of variables. ‘‘Hooke’s law in shear’’ could be 
proved up to about a shear of 20. 
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Strain Aging Hydrogen Embrittlement 
in Alpha-Beta Titanium Alloys 


HARRIS M. BURTE, Materials Laboratory, Directorate of Research, 
Wright Air Development Center, Wright-Patterson Air Force Base, Ohio 


I. INTRODUCTION 


The effects of hydrogen in titanium-base materials depend upon the 
type of alloy being considered. The early work of Jaffee and co- 
workers '~* on unalloyed titanium showed that hydrogen is relatively 
soluble in the beta, body-centered cubic, elevated temperature phase 
of titanium, but at room temperature is quite insoluble in the alpha, 
hexagonal close-packed, low temperature phase. In unalloyed 
titanium or alloys with low contents of alpha stabilizing elements, 
which at room temperature are predominantly alpha phase, hydrogen 
in excess of the solubility limit is precipitated as hydride needles or 
platelets, and this increases the classical ductile to brittle transition 
temperature. Thus the effects of hydrogen contamination on the 
ductility of these all-alpha materials is greatest at high strain rates, 
in the presence of a notch, and at low test temperatures. Hydrogen 
contamination in the range 0-500 parts per million by weight (p.p.m.) 
has little effect on properties measured in normal room temperature 
tensile tests, but has a pronounced effect on the energy absorption 
measured in a notch-bend impact test. 

In alloys with beta stabilizing elements such as iron or manganese, 
both alpha and beta phases may be present at room temperature, 
and the effects of hydrogen on mechanical properties are quite 
different from those for the all-alpha alloys.*~’ Jaffee et al.‘~’ and 
Kotfila and Erbin® showed that in several alpha-beta alloys hydrogen 
content does not cause a hydride precipitate but does induce a strain 
rate sensitivity leading to low ductility in tensile tests at slow testing 
speeds. This is exactly opposite from the effect of strain rate on the 
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ductility of all-alpha alloys. It was suggested that in alpha-beta 
alloys hydrogen contributes to a strain aging type of embrittlement. 
Work at Pratt and Whitney Aircraft Corporation and at Wright Air 
Development Center* showed that hydrogen could cause premature 
brittle fracture under conditions of sustained loading. Other work 
on alpha-beta alloys has been reported.*~" This paper is concerned 
with the effects of hydrogen on the room temperature mechanical 
properties of these alpha-beta titanium alloys, and the mechanism of 
strain aging hydrogen embrittlement. 


Il. EXPERIMENTAL METHODS 


The materials for which mechanical property test data are reported 
are described in Table I. They are all commercial or semicommercial 


TABLE I 
Analyses of Titanium Alloys (As-Received Analysis*) 
H 
Alloy Heat Al Fe Cr Mo Mn C N O- (p.p.m.) 

Ti-140A M1170 2.1 2.5 1.6 0.09 0.03 0.13 250 
C-130AM _ B5038 3.2 3.2 0.04 0.05 0.15 60 
C-130AM _ B3371 3.0 2.8 0.03 0.05 0.08 60 
Ti-150A R68 1.2 3.0 0.10 0.09 0.28 250 
Ti-140A M1192 2.0 2.2 1.7 0.09 0.02 0.10 210 
Ti-155AX Unknown 5.1 1.3 1.3 1.0 0.04 0.03 0.13 260 


* Balance titanium. 


alpha-beta alloys supplied in the form of barstock. Experiments were 
also performed on sheet material, and on specimens from forged 
articles, but since these gave results similar to those for barstock they 
will be discussed in a qualitative manner only. The preparatory 
procedures described in Table II were performed on the as-received 
stock in order to obtain different levels of hydrogen contamination 
in specimens from one heat of a given material. Hydrogen content 
was decreased below that of as-received material by vacuum anneal- 
ing; the pressure, measured in a room temperature zone, in the vac- 
uum annealing system was usually below 0.1 micron, and sometimes 
was as low as 0.01 micron. The hydrogen content was increased over 
that in the as-received material by heating in a hydrogen atmosphere. 
In order to isolate the effects of hydrogen contamination from those 
of other metallurgical variables, the materials of different hydro- 
gen levels prepared from one heat were brought to similar thermal 
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TABLE II 
Preparatory Treatments tc Adjust Hydrogen Content and Thermal History 
As-received Hydrogen 


Alloy hydrogen level 
and level tested Treatment applied to as-received 
heat (p.p.m.) (p.p.m.) material 
Ti-140A 250 20 Vacuum anneal, 1200°F., 24 hrs. + 
Ht. M1170 furnace cool. 
170 Vacuum anneal, 1200°F., 2 hrs. + 
air cool + heat in argon, 1200°F., 
22 hrs. + furnace cool. 
250 Heat in helium 1200°F., 24 hrs. + 
furnace cool. 
C-130AM 60 10 Vacuum anneal, 1300°F., 25 hrs. + 
Ht. B5038 furnace cool. 
320 Hydrogenate, 1300°F., 21 hrs. + 
air cool + heat in air, 1300°F., 
4 hrs. + furnace cool. 
C-130AM 60 60 Heat in air, 1300°F., 3 hrs. + 
Ht. 83371 furnace cool. 
150 Hydrogenate, 1300°F., 21 hrs. + 


air cool + heat in helium, 
1300°F., 5 hrs. + furnace cool. 
190 Hydrogenate, 1300°F., 21 hrs. + 
air cool + heat in helium, 
1300°F., 5 hrs. + furnace cool. 
280 Hydrogenate, 1300°F., 21 hrs. + 
air cool + heat in helium, 
1300°F., 5 hrs. + furnace cool. 


Ti-150A 250 10 Vacuum anneal, 1300°F., 25 hrs. + 
Ht. R68 furnace cool. 
250 Heat in air, 1300°F., 24 hrs. + 
furnace cool. 
Ti-140A 210 210 Heat in air 1200°F., 24 hrs. + 
Ht. M1192 furnace cool. 
210 Heat in air 1200°F., 24 hrs. + 


furnace cool + heat in air 
1350°F., 22 hrs. + air cool. 
Ti-155AX 260 5 Heat in air, 1250°F., 0.5 hr. + 
furnace cool + vacuum anneal, 
1300°F., 24 hrs. + furnace cool. 
260 Heat in air, 1250°F., 0.5 hr. + 
furnace cool + thermal treat in 
air, 1300°F., 24 hrs. + furnace 
cool. 
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histories before test specimens were machined. Thermal history 
adjustment and homogenization of hydrogen content across specimen 
cross-section were accomplished by heating in air or inert gas. No 
differences could be attributed to the use of air vs. an inert gas since 
the contaminated surface resulting from heating in air was removed 
during the machining of test specimens. 

Hydrogen analyses were by the vacuum fusion method. Annealing 
in air or inert gas, or mechanical property testing had no discernible 
effect upon the hydrogen content. Hydrogen contents are expressed 
as parts per million by weight (p.p.m.). 

Room temperature mechanical property test data are reported for 
notched and unnotched cylindrical specimens machined from the 
barstock. Tensile tests were performed at various strain rates 
corresponding to the testing speeds indicated. Rupture (sustained 
loading) tests were performed on standard lever-arm creep-rupture 
frames. In many cases several specimens were loaded in tandem on 
a single frame. When one specimen broke a new one or a dummy was 
inserted, and the stress was reapplied. Room temperature for rupture 
testing was controlled between 72 to 74°F.; room temperature for 
tensile testing was not controlled and may have varied between 
70 to 90°F. 

The unnotched cylindrical specimens had a gage length of 1 inch 
and a gage diameter of 0.187 inch. The notched cylindrical specimen 
was a 0.294-inch bar with a circumferential 60° V-notch that reduced 
the load-carrying area to a circle 0.187 inch diameter. Radius at 
root of notch was 0.01 inch. Specimen ends for both types were 
*/, inch diameter with 16 threads per inch. The majority of the 
unnotched specimens were tested with as-machined, or as-machined 
and rough polished, surfaces. The effect of specimen surface prep- 
aration was also investigated. 

Metallographic specimens were mechanically polished and were 
etched with one of the following mixtures: 


48% HF = 2% (by vol.) 2% 20% 

conc. HNO, = 10% — 20% 
H,O = 88% 98% -- 
glycerin = — — 60% 


Ill. STRAIN AGING EMBRITTLEMENT 


Tensile and rupture test data for two titanium alloys are presented 
in Figures 1, 2A, and 2C and Tables III and IV. Considering first 
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Fig. 1. Effects of hydrogen on room temperature tensile properties of Ti-140A, 
Ht. M1170. Unnotched specimens except where indicated. 
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Fig. 2. Effects of hydrogen on room temperature rupture behavior of notched 
specimens. In (A) the height of a line extending above a point is proportional to 
the reduction in area at fracture. 


the tensile test data, hydrogen content between 10 and 400 p.p.m. 
has little effect on the ultimate tensile strength, the yield strength, 


or the ratio of notched strength to unnotched strength. 


Ductility, 


as measured by elongation or reduction in area, is reduced by hydro- 
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gen content, but the amount of the reduction is not a single valued 
function of hydrogen content. It depends on the strain rate at which 
the test is performed and other factors which will be discussed below. 
At high strain rates hydrogen-containing material may show the same 
ductility as hydrogen-free material, whereas at low strain rates the 
ductility may be greatly reduced. This strain rate dependence of the 
tensile test ductility of hydrogen-containing material is characteristic 
of the embrittlement under consideration, and suggests that it arises 
from some strain aging mechanism. Two important features of this 


TABLEIV. Effects of Hydrogen Contamination on Room Temperature Rupture 
Behavior of Ti-140A, Ht. M1170 (Unnotched Specimens) 


Hydrogen = 10 p.p.m. Hydrogen = 170 p.p.m. 
Fracture Red. in Fracture Red. in 
Stress time area Stress time area 
(1000 p.s.i.) (hr.) (%) (1000 p.s.i.) (hr.) (%) 
137 0.4 52 136 0.3 16 
118 Did not fracture 131 13.1 13 
in 803 hrs. 
102 Did not fracture 129 2.5 13 
in 1244 hrs. 


Hydrogen = 250 p.p.m. 
Fracture Reu. 


Stress time wea 
(1000 p.s.i.) (hr.) (%) 
138 0.1 19 
119 2.4 3 
101 Did not fracture 
in 1244 hrs. 


strain aging embrittlement are how slow the strain rate must be 
for an appreciable ductility reduction to be apparent, and the 
minimum hydrogen content required to produce it at any strain rate. 

Consider now the rupture test data for unnotched specimens. 
For both hydrogen-free and hydrogen-containing materials, as the 
stress level is decreased the time to fracture is increased. The rate 
of increase of fracture time with decrease of stress is much greater for 
hydrogen-free than for hydrogen-containing material. Furthermore, 
the ductility of hydrogen-free specimens is relatively independent of 
stress level or time to fracture, whereas that of hydrogen-containing 
specimens decreases markedly as time to fracture increases. Very 
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high stress levels and short fracture times correspond to rapid rates of 
plastic deformation and this is analogous to fast strain rates in the 
tensile test. In Figure 3, ductility measured as reduction in area is 
plotted against time to fracture for both tensile test and rupture test 
specimens. It is recognized that such a comparison can be only 
approximately valid, but the data do indicate the importance of time 
to fracture in determining the extent of embrittlement developed in 
either tensile or rupture tests. Time to fracture in the tensile test is 
controlled by the strain rate, and in the rupture test by the stress 
level. If time to fracture is sufficiently short the hydrogen-contami- 
nated material tends to act in a ductile manner. 
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Fig. 3. Influence of time to fracture on ductility measured in room temperature 
tensile and rupture tests. Unnotched specimens. 


It was difficult to make accurate measurements of ductility for the 
notched specimens; however, the data that are presented in Figure 
2A include an indication of the reduction in area at fracture. Qualita- 
tively, the behavior of notched specimens is quite comparable to that 
of unnotched specimens. At very high stresses and short fracture 
times the hydrogen-free and hydrogen-containing specimens fracture 
in comparable times, both in a ductile manner. At lower stress 
levels where the hydrogen-free specimens fracture in long times still 
in a ductile manner, or do not fracture, the hydrogen-containing 
specimens show premature brittle fracture. The data in Figure 2C 
are all in the range in which the hydrogen-containing specimens 
fracture in a premature brittle manner. 
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In rupture tests as in tensile tests there are two important features 
of the strain aging embrittlement; a minimum rupture time which is 
necessary for embrittlement to be observed, and a minimum hydrogen 
content for premature brittle fracture even at very long rupture 
times. It is evident that a strain aging mechanism for the hydrogen 
embrittlement must explain premature and low stress fracture in 
sustained loading as well as the strain rate sensitivity of the ductility. 

The characteristic qualitative features of the strain aging hydrogen 
embrittlement are as described above; the influence of factors such 
as specimen surface condition, specimen type, hydrogen content, alloy 
composition, and microstructure will be discussed below. All these 
factors affect quantitative rather than qualitative aspects of the 
embrittlement. 


IV. SPECIMEN SURFACE CONDITION 


The unnotched cylindrical specimens that were tested had one of 
the following surface conditions: as-machined; machined + rough 
polished; machined + fine polished through 0000 metallographic 
paper. The appearances of the specimen surfaces are illustrated in 
Figure 4, which shows broken ends of mechanical property test 
specimens. For the as-machined specimens, the intersection of the 
fracture surface with the specimen surface coincides with machining 
marks around most if not all of the specimen circumference. For 
rough polished specimens part of the intersection of the fracture 
surface with the specimen surface coincides with polishing scratches. 
For the fine polished specimens there was no apparent influence of 
specimen surface marks. These observations are general for both 
hydrogen-free or hydrogen-containing specimens tested in tensile or 
rupture tests. 

The appearances of the fracture surfaces of unnotched specimens 
are shown in Figure 5, and will be discussed more fully in Section VIII. 
Two types of fracture surface are observed, one for specimens which 
fracture in a ductile manner, and one for specimens which fracture due 
to strain aging hydrogen embrittlement. For either ductile or hydro- 
gen embrittled specimens, the appearance of the fracture surface is 
similar for all three types of specimen surface. 

The ductile fracture specimens show a classical “cup and cone,” 
and it is generally agreed that fracture is initiated in the interior of 
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(a) (b) (c) 


Fig. 4. Effects of specimen surface condition: (a) fine polished, (b) rough polished, 
(c) as-machined. 





(a) (b) 


Fig. 5. Appearances of fracture surfaces for unnotched specimens: (a) ductile 
fracture, (b) brittle fracture due to strain aging hydrogen embrittlement. 
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such a specimen. The effects of surface condition on tensile or 
rupture properties should be minor for specimens with this type of 
fracture. For the brittle fracture specimens with as-machined or 
rough polished surfaces, the fracture nucleus can usually be associated 
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Fig. 6. Effects of various factors on ductility measured in room temperature ten- 
sile tests. Unnotched specimens. 
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with # scratch on the surface. For the fine polished, brittle fracture 
specimens no association of the fracture nucleus with visible surface 
scratches is apparent. 

Data on the effects of specimen surface condition on mechanical 
properties are presented in Table V and Figures 6d and 6e for tensile 
tests, and in Table VI for rupture tests. As expected, specimen sur- 
face condition has no significant effect upon the mechanical properties 
of ductile, hydrogen-free material. For hydrogen-containing material 
specimen surface condition does not affect qualitative features of the 
strain aging embrittlement, but it does have quantitative effects. 
In rupture tests at a given stress level, the polished specimens require 
a longer time for premature brittle fracture. In tensile tests there 
is an indication that polished specimens may require slower strain 
rates for an appreciable ductility reduction to be apparent. An 
alternate explanation of the tensile test data in Figures 6D and 6E is 
that in some alpha-beta alloys hydrogen can cause a notch sensitivity 
type of embrittlement at fast strain rates in addition to the strain 
aging embrittlement being considered here. 


TABLE V 
Effects of Specimen Surface Condition on Room Temperature Tensile Behavior of 
Low Hydrogen Material 
Ult. tensile 


Surface Testing speed strength Red. in 
condition (in. /min. ) (1000 p.s.i.) area (%) 
C-130AM, Ht. B5038, 10 p.p.m. 
Rough polished 0.02 138 43 
Fine polished. 0.02 142 44 
Ti-150A, Ht. R68, 10 p.p.m. 
As-machined. . . 0.1 142 52 
Fine polished . 0.1 143 49 
As-machined.. . 0.02 143 52 
Fine polished . 0.02 141 46 


With the exception of the fine polished specimens of Ti-150A, and 
the specimens of Ti-140A, Ht. M1170, 250 p.p.m., the unnotched 
hydrogen-containing (above 100 p.p.m.) specimens for which data 
are reported in Tables III and IV and Figures 1, 3, and 6 had as- 
machined surfaces. The specimens of Ti-140A, Ht. M1170, 25 
p.p.m. had as-machined + rough polished surfaces. 
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TABLE VI 
Effects of Specimen Surface Condition on Room Temperature Rupture Behavior 
of C-130AM, Ht. B5038 


Surface Stress Time to Red. in 
condition (1000 p.s.i.) fracture (hrs. ) area (%) 
10 p.p.m. 
Rough polished...... 135 27 40 
Fine polished. . 135 9.3 39 
320 p.p.m. 
As-machined....... 130 6.0 8.1 
As-machined......... 130 6.7 9.4 
Fine polished. . rol 130 203 9.1 
Fine polished. . rid 130 47 10.6 


Any conclusions in this paper which rest upon quantitative aspects 
of the tensile or rupture data have been evaluated for the possibility 
that variations in specimen surface condition are producing spurious 
results. Quantitative comparisons are presented only when such a 
possibility is very remote. 

The V-notched cylindrical specimens tested were all machined in 
the same way. Inspection of fractured specimens indicates no 
evidence for any effects of machining marks at the root of the notch. 


V. SPECIMEN TYPE 


A variety of notched and unnotched tensile and rupture test 
specimens have been used (Fig. 7). These have included cylindrical 
specimens from barstock and forgings and flat specimens from various 
gages of sheet. The effects of hydrogen on tensile and rupture test 
behavior are qualitatively the same for all of these specimen types. 

Rupture data for unnotched and V-notched cylindrical specimens 
are compared in Figure 8. The extrapolation of the curve for notched 
specimens to cross that for unnotched specimens is justified by the 
genera! experience that these notched specimens can show premature 
brittle fracture at lower nominal stresses than unnotched specimens 
(e.g., see data for Ti-140A, Ht. M1170). Premature brittle 
fracture in notched specimens can occur at nominal stresses 
as low as 40% of the short time notched tensile strength. 
The qualitative features of strain aging hydrogen embrittlement 
are the same for both types of specimens. For each there is a 
stress above which fracture will be ductile due to short fracture time, 
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CYLINDRICAL SPECIMENS SHEET SPECIMENS 


Fig. 7. Mechanical property specimens that have been tested. Not drawn to 
scale. Mechanical property data are reported only for the unnotched and V- 
notched cylindrical specimens. 


and naturally there is a stress below which fracture will not occur in 
time periods of practical interest. In each case there is an inter- 
mediate range of stress over which hydrogen-contaminated specimens 
fracture prematurely, in a brittle manner. However, for this V- 
notched specimen, the range of stress (nominal stress based on original 
cross-sectional area) over which premature brittle fracture can occur 
is much greater than for unnotched specimens. Two factors must be 
considered to understand the effect of this type of notch: the triaxial 
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Fig. 8. Comparison of room temperature rupture data for unnotched and V- 
notched cylindrical specimens. C-130AM, hydrogen = 320 p.p.m. 
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stress state which tends to restrict plastic flow, and the stress con- 
centration near the root of the notch. The former causes the short 
time notched tensile strength to be greater than the unnotched ulti- 
mate tensile strength. The latter allows long time premature 
brittle fracture to occur at lower stresses in notched than in unnotched 
specimens. As a result, for short rupture times the notched speci- 
mens require a higher stress than the unnotched specimens; for 
relatively long times to rupture the reverse is true. 


VI. HYDROGEN CONTENT 


At the low hydrogen contents of the vacuum annealed “hydrogen- 
free’ material none of the alloys tested exhibit any tendency toward 
strain aging embrittlement. There must, therefore, be some mini- 
mum hydrogen content below which embrittlement will not occur 
no matter how slow the strain rate is in a tensile or rupture test. 

The influence of hydrogen content above this minimum, on tensile 
test ductility, is illustrated by the data in Figures 6C and 6D. Ata 
hydrogen content of 170 p.p.m. the alloy Ti-140A, Ht. M1170 will 
show premature brittle fracture in rupture tests and it can therefore 
be assumed that there would be a reduction in tensile test ductility 
if slower strain rate tensile tests were performed. It may be con- 
cluded that increasing hydrogen content allows an increase in the 
strain rate which must be used for an appreciable ductility reduction 
to be apparent. The data in Figure 6D indicate that for a given 
strain rate the amount of the ductility reduction increases as the 
hydrogen content increases. 

Since the dependence on strain rate or time to fracture is similar in 
tensile and rupture tests, increasing the hydrogen content must 
decrease the minimum time to fracture at which premature brittle 
fracture can be observed in a rupture test. The times to fracture for 
the data in Figures 6C and 6D are above this minimum, and the 
hydrogen containing specimens all show premature brittle fracture. 
At a given stress level in this range of behavior, increasing the hydro- 
gen content decreases the time required for premature brittle fracture. 


Vil. HEAT TREATMENT AND ALLOY COMPOSITION 


Rupture test data on two heat treated conditions of a hydrogen 
containing material are presented in Table VII. One set of otherwise 
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identical specimen blanks was furnace cooled from a temperature 
low in the alpha-beta range for this alloy, the other was air cooled 
from a temperature higher in the alpha-beta range. Microstructures 
obtained are shown in Figures 9a and 9b. The rupture data indicate 





(a) (b) 


Fig. 9. Photomicrographs of Ti-140A, Ht. M1192, 210 p.p.m. Unstrained 
material. Perpendicular to rolling direction. Mag. 500X. (a) Furnace cooled 
from 1200°F. (b) Air cooled from 1350°F. 


that heat treatment alone can cause profound differences in the sus- 
ceptibility of a given alloy to hydrogen embrittlement. 

At appropriate hydrogen levels or heat treatments strain aging 
hydrogen embrittlement has been observed in alpha-beta alloys with 
the following nominal compositions: 


Ti-8Mn 

Ti-4Al-4-Mn 

Ti-6Al-4V 

Ti-1 .5Fe-2.7Cr 
Ti-2Fe-2Cr-2Mo 
Ti-3Mn-1Fe-11V-Cr-1Mo 


Note that embrittlement can occur whether or not a eutectoid reaction 
is possible. 
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As a consequence of the vacuum annealing, hydrogenation, and 
homogenization treatments described previously, the materials now 
to be discussed were in: annealed low in the alpha-beta region + 
furnace-cooled conditions. Microstructures before mechanical prop- 
erty testing are shown in Figures 13, 14b, 15, and 17a. Variations 
in prior mill processing caused a variety of microstructures even 
though the final thermal treatments for these materials were similar. 
Tensile and rupture data pertinent to this discussion are contained 
in Figures 2, 3, and 6 and Table VIII. It is evident that, although 
heat treatment can have an effect, susceptibility to hydrogen em- 
brittlement is not peculiar to one particular type of microstructure. 


TABLE VII 


Effect of Heat Treatment on Susceptibility to Hydrogen Embrittlement (Room 
Temperature Rupture Tests on Notched Specimens of Ti-140A, Ht. M1192) 


Stress 
Heat treated condition (1000 p.s.i.) Time to fracture (hrs. ) 
Furnace cooled from 1200°F. 168 1.0 
146 4.0 
Air cooled from 1350°F....... 169 Did not fracture in 93 hrs. 
143 Did not fracture in 1300 hrs. 


The tensile test data in Figures 6A and 6B are for two heats of 
nominally the same alloy, both given final thermal treatments of 
furnace cool from 1300°F., and both with very similar microstructures. 
Due to slight differences in composition or mil] processing a much 
lower strain rate (longer time to fracture) must be used in order to 
observe embrittlement in Ht. B5038 than in Ht. B3371 even though 
the former has a higher hydrogen content. The notched rupture 
test data in Figures 2A and 2B show a similar difference in the time 
to rupture at a given stress level. Other comparisons are possible 
from the data in Figures 2, 3, and 6 to show that alloy composition 
or microstructure or an interaction between these two can affect 
quantitative features of the embrittlement such as minimum time to 
fracture for embrittlement to be produced in either tensile or rupture 
tests, or time to premature brittle fracture at a given stress level in 
the rupture tests. For example, even polished specimens of Ti-150A, 
Ht. R68 at 250 p.p.m. require a shorter minimum time to fracture in 
tensile tests than as-machined specimens of C-130AM, Ht. B5038 
at 320 p.p.m. 
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Table VIII and Figure 18 present data for an alpha-beta alloy, 
in an annealed condition, at a hydrogen level which does cause em- 
brittlement in many other alpha-beta alloys. However, this alpha- 
beta alloy does not show any evidence for strain aging hydrogen 
embrittlement. It is evident that composition or microstructure 
or an interaction between these two can also affect the minimum 
hydrogen content which can cause embrittlement even at very slow 
strain rates. 

Although these data do not provide an unequivocal demonstration 
of the effect. of composition as separated from the possible effects of 
heat treatment or an interaction between composition and heat 
treatment, it is felt that composition must be an important primary 
variable contributing to the susceptibility of a given material to 
strain aging hydrogen embrittlement. 


VIII. MACROSCOPIC EXAMINATION OF FRACTURED 
SPECIMENS 


The appearances of the fracture surfaces of unnotched cylindrical 
specimens are presented in Figure 5 and have been partially dis- 
cussed. Ductile fracture, whether for hydrogen free material, or 
for hydrogen-containing material tested at high strain rates, results 
in a characteristic “cup and cone” appearance around the entire 
circumference of the specimen. For brittle fracture the cup and cone 
characteristics are greatly reduced and do not extend entirely around 
the specimen circumference. The portion of the fracture surface 
which is perpendicular to the specimen axis has a relatively smooth 
area adjacent to the portion of the specimen circumference where the 
cup and cone appearance is absent, and a rougher area radially 
opposite to this. It should be mentioned that similar fracture 
surfaces have been observed to result from brittle behavior in tita- 
nium alloys due to causes other than strain aging hydrogen embrittle- 
ment. 


The appearance of ductile and premature brittle fractures in 
notched sheet specimens is presented in Figure 10. Premature 
brittle fractures contain a smooth area, perpendicular to the specimen 
axis, extending from the root of the notch. Note that the extent of 
this smooth area is greater, the smaller the stress level which caused 
fracture. 
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Fig. 10. Appearances of fractures in notched specimens of Ti-6Al-4V Sheet. 
Top: Ductile fracture. Hydrogen = 50 p.p.m. Short time tensile test. Middle: 
Brittle fracture. Hydrogen = 800 p.p.m. Rupture test at 130,000 p.s.i. Rupture 
time = 9 hrs. Bottom: Brittle fracture. Hydrogen = 800 p.p.m. Rupture 
test at 60,000 p.s.i. Rupture time = 91 hrs. 


The appearance of these hydrogen embrittled fracture surfaces 
suggests that the nucleus of fracture is in the smooth area at or near 
the specimen surface. Premature brittle fracture consists of growth 
of this nucleus into a crack which propagates across the specimen until 
the residual cross-sectional area can no longer support the applied 
load, followed by ductile fracture in this residual cross section. 
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The appearance of the fracture surface of a hydrogen containing 
V-notched cylindrical specimen is shown in Figure 11. With these 
specimens it was not possible to establish clear-cut differences between 
the general appearances of ductile and premature brittle fractures, 
but it was noted that hydrogen-contaminated specimens contain 
cracks running more or less parallel to the specimen axis. The inter- 
section of such cracks with the fracture surface can be seen in Figure 
11. A section taken parallel to the specimen axis is shown in Figure 
12, and further illustrates the nature of these cracks. A few tensile 
test specimens were examined immediately after fracture and there- 
after. In this case, visible cracks could not be detected immediately 





Fig. 11. Appearance of the fracture surface for notched specimens of high hy- 
drogen material. Both ends of one specimen. Note the postfracture cracks. 


after fracture but were present 1 week later. Examination of all 
other specimens was at least several weeks after fracture. In general, 
the crack traces in the fracture surfaces of the two broken ends of the 
specimen do not coincide if the fracture surfaces are brought together; 
this is another indication that most of the cracks tend to form over a 
period of time after fracture. Such postfracture cracks are found in 
the broken ends of almost all cylindrical V-notched specimens where 
the hydrogen content is such as to render the particular material 
under test susceptible to strain aging embrittlement. They occur 
irrespective of whether high or low strain rates leading to ductile or 
brittle original fractures are used. Postfracture cracks are also 
prevalent in unnotched cylindrical specimens if high strain rates 
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Fig. 12. Postfracture cracking. Longitudinal section through fractured end of 
notched, high hydrogen specimen. 


leading to ductile fractures preceded by necking are employed. Un- 
notched specimens which fail in a brittle manner, with little or no 
necking, exhibit little or no postfracture cracking. 

It is evident that this postfracture cracking is due to the same 
strain aging hydrogen embrittlement that leads to premature brittle 
fracture in rupture tests, and is caused by residual radial stresses in 
the 2 halves of the fractured specimen. The radial stresses are set 
up by the triaxial stress state induced in cylindrical specimens by a 
notch or necked region. 


IX. MICROSCOPIC EXAMINATION 


Representative microstructures of unstrained material, and of 
material near the fracture surfaces of test specimens, are shown in 
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Figures 13 to 19. Sections have been taken both perpendicular to 
and parallel to the rolling direction of the barstock. The hydrogen- 
free and hydrogen-containing materials, in an unstrained condition, 
have essentially the same microstructure. Examination of the region 
near fracture in mechanical property test specimens shows that testing 
does not affect the microstructure of hydrogen-free material. Simi- 
larly, for many of the materials tested, fracture due to strain aging 
hydrogen embrittlement is not accompanied by visible microstruc- 
tural changes. There are occasionally some indications of a precipi- 
tate near the ends of postfracture cracks, but this evidence is not at 
all clear-cut. For Ti-150A, Ht. R68 a dark etching precipitate does 





(a) (b) 


Fig. 13. Photomicrographs of Ti-140A, Ht. M1170. Unstrained material. 
Perpendicular to rolling direction. Mag. 500X. (a) 20 p.p.m. (b) 170 p.p.m. 


appear in strained regions of the hydrogen-containing fractured test 
specimens. It is most prevalent near the original fracture surface 
and around the ends of postfracture cracks. This precipitate can be 
redissolved to yield a microstructure comparable to that in unstrained 
material by heating in air or inert gas. Most of the precipitate dis- 
appears after 45 hours at 800°F.; after 7 hours at 1200°F. it has 
been completely redissolved. Figure 17d shows a partially redissolved 
precipitate at the end of a postfracture crack. 

The postfracture cracks present in Figures 14c, 16b, 17c, and 18¢ 
tend to follow an intergranular path. From this it may be concluded 


that strain aging hydrogen embrittlement leads to intergranular 
fracture. 
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X. DISCUSSION 


There is a marked similarity between the qualitative aspects of 
hydrogen embrittlement in steel''~'* and strain aging hydrogen 





Fig. 14. Photomicrographs of C-130AM, Ht. B3371, perpendicular to rolling 
direction. Mag. 500X. (a) 60 p.p.m., near fracture. (b) 280 p.p.m., unstrained 
material. (c) 280 p.p.m., near fracture. 


embrittlement in alpha-beta titanium alloys. It is quite possible 
that the mechanisms of embrittlement are also very similar. 

The following is proposed as the framework for a mechanism of 
strain aging hydrogen embrittlement in alpha-beta titanium alloys. 
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Initially, in unstrained materials, the hydrogen is in interstitial solid 
solution. Plastic deformation provides microscopic regions toward 
which there is a tendency for the hydrogen to segregate. The net 
result of such microsegregation is to provide regions where micro- 
cracks can be initiated and propagate, thus providing a low stress 
route to brittle fracture. 

The similarity between the microstructures of unstrained hydrogen 
free and hydrogen containing alpha-beta alloys suggests that initially 
the hydrogen is in interstitial solid solution. The titanium-hydrogen 
phase diagram® indicates that hydrogen is a beta phase stabilizer, 
and has very little room temperature solid solubility in unalloyed 
alpha phase. It is conceivable that alloying the alpha or beta phases 





Fig. 15. Photomicrograph of C-130AM, Ht. B5038, 320 p.p.m. Unstrained mate- 
rial. Perpendicular to rolling direction. Mag. 500. 


can change the solid solubilities of hydrogen in these phases, but in 
alpha-beta alloys such as Ti-1.5Fe-2.5Cr in which the alpha phase is 
relatively pure, the hydrogen, at room temperature, is probably 
partitioned to the beta phase. Even within unstrained beta phase 
there will be a tendency for the interstitial hydrogen atoms to segre- 
gate to lattice defects such as dislocations, vacancies, or grain bound- 
aries. The intercrystalline nature of hydrogen embrittlement 
fractures suggests that plastic deformation affects the structure in 
some manner as to establish more sites for such segregation at the 
grain boundaries. The hydrogen atoms will tend to diffuse toward 
such sites. The extent of such microsegregation will depend upon the 
extent of the deformation, the partition function between the new 
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sites and the remainder of the beta phase, the initial concentration 
of hydrogen in the beta phase, and the rate at which the necessary 
diffusion can occur. It is suggested that if this microsegregation 
causes a high enough local concentration of hydrogen atoms, a 
microcrack can te formed. The exact manner of formation of the 
intercrystalline microcrack cannot yet be described; in at least one 
of the materials tested there is evidence that it involves formation 
of a third, possibly hydride, phase. Another possibility involves 
condensation of molecular hydrogen in lattice vacancies. Growth 
of the microcrack may involve a continuation of this embrittlement 
process in the strained material around the periphery of the crack. 





(a) (b) 
Fig. 16. Photomicrographs of C-130AM, Ht. B5038, 320 p.p.m. Parallel to 
rolling direction. Mag. 500X. (a) Unstrained material. (b) Near fracture. 


Application of this mechanism to the mechanical property data 
must consider both the tendency toward microsegregation and the 
rate at which microsegregation and consequent embrittlement can 
occur. The tendency toward microsegregaticn is provided by the 
initial hydrogen concentration, and plastic deformation which may 
be quite localized. The rate of microsegregation, involving diffusion 
of the hydrogen, may be relatively slow. Ductility measured in a 
tensile test will depend upon the rate at which this microsegregation 
can occur relative to the rate of straining imposed on the material. 
At high strain rates the material fails in a ductile manner by plastic 
deformation before appreciable microsegregation and consequent 
embrittlement can occur. At very slow strain rates a localized region 
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of the specimen is sufficiently deformed to induce microsegregation, 
and this takes place with consequent fracture before total deformation 
of the specimen is very great. Similarly, in rupture tests at very 


(a) 





(c) (d) 


Fig. 17. Photomicrographs of Ti-150A, Ht. R68, 250 p.p.m. Perpendicular to 
rolling direction. Mag. 500X. (a) Unstrained material. (b) Near fracture, 
third phase. (c) Near fracture, postfracture crack and third phase. (d) Post- 
fracture crack plus partially redissolved third phase. 


high stress levels the rate of straining due to creep is so great that 
ductile fracture occurs before microsegregation is appreciable. At 
low stresses, where creep is slow, a critical amount of deformation 
in a localized section leads to microsegregation and fracture before 
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much creep can occur. This can happen even at stress levels where 
the creep is so slow that normal ductile fracture would not occur in 
time periods of practical interest. The time for premature brittle 
fracture in a rupture test at a given stress level will depend upon the 
time required for sufficient plastic deformation to initiate the em- 
brittlement, the rate at which microsegregation occurs, and the 
rate of propagation of the microcrack which is formed. 

A stress concentration such as exists at a notch or a surface scratch 
can lower the stress, or at a given stress cen decrease the time required 





(b) (c) 


Fig. 18. Photomicrographs of Ti-150A, Ht. R68, 250 p.p.m. Parallel to rolling 
direction. Mag. 500X. (a) Unstrained material. (b) Near fracture, third phase 
at end of postfracture crack. (c) Near fracture, postfracture crack. 
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for sufficient localized plastic deformation to initiate the embrittle- 
ment. In some notched specimens the complicating influences of 
triaxial stress states must be considered. 

At this stage in the discussion the information available®’—* on the 
effects of test temperature on strain aging hydrogen embrittlement 
should be considered. If tensile tests at a constant slow strain rate 
are performed over a range of temperatures the ductility reduction 
due to hydrogen is zero at high temperatures, goes through a maximum 
as temperature is decreased, and again approaches zero at very low 
temperatures. The temperature of the maximum ductility reduction 
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Fig. 19. speiatiiahie of Ti-155AX, 260 p.p.m. Unstrained material. 
Perpendicular to rolling direction. Mag. 500. This material not susceptible to 
strain aging hydrogen embrittlement. 


depends upon the alloy, hydrogen content, and strain rate, and may 
be below room temperature. Rupture tests performed at room and 
elevated temperatures indicate that a hydrogen content that leads to 
premature brittle fracture at room temperature, may not do so at 
elevated temperatures. Rupture tests at subzero temperatures have 
not been reported. 

These data suggest that temperature affects both the susceptibility 
toward embrittlement at a given hydrogen content, and the rate at 
which embrittlement can occur. Increasing test temperature might 
be expected to affect the tendency for hydrogen to partition between 
general interstitial solid solution and microsegregation to deformation 
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induced sites in favor of the former. Therefore, increasing test 
temperature decreases the tendency toward embrittlement. De- 
creasing the temperature decreases the rate at which hydrogen can 
diffuse, and therefore decreases the rate at which embrittlement can 
occur even though the tendency toward embrittlement is increased. 
In tensile tests at a constant strain rate there will be no ductility 
reduction at elevated temperatures because there is no tendency 
toward embrittlement. At very low temperatures there is no duc- 
tility reduction because the rate of embrittlement is slow with respect 
to the strain rate. Between these two temperature extremes the 
ductility reduction goes through a maximum. 

The effects of composition and microstructure on susceptibility 
to strain aging hydrogen embrittlement have been demonstrated, and 
may be due to many causes. Composition can be expected to affect 
the solubilities of hydrogen in the alpha and beta phases, and the 
partition between general interstitial solution and microsegregation. 
Heat treatment can affect the ratio of alpha phase to beta phase 
present at room temperature, and the compositions of these phases. 
Heat treatment and differences in content of other interstitial elements 
can affect the nature of the alpha-beta grain interfaces, which, since 
fracture is intergranular, should influence the strain aging embrittle- 
ment. 

Attention in this report has been focused on strain aging hydrogen 
embrittlement; it must be pointed out, however, that hydrogen can 
have additional effects on the properties of alpha-beta alloys. With 
some alpha-beta alloys suitable combination of hydrogen content 
and heat treatment may result in material which, at room temperature, 
has a hydride phase in its microstructure." This might be expected 
to produce the greatest reduction in ductility when the material is 
tested at fast strain rates and in itself should not cause the premature 
brittle fracture in rupture tests which is characteristic of strain aging 
embrittlement. At elevated. temperatures where strain aging em- 
brittlement does not occur, a different type of embrittlement fre- 
quently takes place. Here, specimens which have been exposed to 
elevated temperature creep conditions are found to have lowered 
ductility when tested in subsequent room temperature, fast rate 
tensile tests. When strain aging embrittlement can occur in con- 
junction with these other types of embrittlement, the effects of hydro- 
gen on the mechanical properties may be quite complex. 
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XI. SUMMARY 


Hydrogen contamination can cause more than one type of embrit- 
tlement in alpha-beta titanium alloys. In this report attention is 
focused upon strain aging embrittlement which occurs at room tem- 
perature. Only alpha-beta alloys are considered. 

Strain aging embrittlement has its greatest effect on properties 
measured at slow strain rates. It can cause low ductility in room 
temperature tensile tests, and premature brittle fracture in room 
temperature rupture tests. The presence of stress concentrations 
lowers the applied load at which premature brittle fracture can occur. 

Susceptibility to strain aging embrittlement is a function of alloy 
composition and microstructure. Both the minimum hydrogen 
content required to produce embrittlement and how slow the strain 
rate must be for embrittlement to be perceptible may be affected. 

Strain aging embrittlement can occur whether or not the alloy 
composition is such that a eutectoid reaction is possible. 

Examination of fracture surfaces suggests that premature brittle 
fracture consists of propagation of a crack until the residual cross- 
sectional area can no longer support the applied load, followed by 
ductile fracture in this residual cross-section. 

In many of the alpha-beta alloys tested, metallographic examination 
of hydrogen contaminated specimens shows no evidence for a third 
phase either before or after fracture. In at least one alloy a third 
phase was visible after fracture. 

Many of the broken ends of hydrogen contaminated mechanical 
property test specimens develop cracks which are parallel to the long 
axis of the specimen. This occurs after the specimen is broken in a 
mechanical property test which causes a triaxial state of stress. 
These cracks are presumably hydrogen embrittlement fractures due 
to residual radial stresses, and they tend to be intergranular. 

Increasing test temperature seems to decrease the tendency toward 
hydrogen embrittlement but increase the rate at which it can occur. 

A mechanism of strain aging embrittlement is suggested which 
involves microsegregat‘on of hydrogen to the grain boundaries in 
plastically deformed material. This microsegregation involves 
diffusion of the hydrogen and proceeds at a finite rate. Properties 
measured in a mechanical property test depend upon whether the 
rate of deformation is fast or slow relative to the rate of microsegrega- 
tion and consequent embrittlement. 
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Synopsis 


Hydrogen contamination in the alpha-beta class of titanium alloys leads to a 
very pronounced strain rate sensitivity of the ductility of these materials, and to 
low stress, premature fracture under sustained tensile loading (creep). The 
effects of strain rate, hydrogen concentration, temperature, stress concentrations, 
alloy composition, and microstructure are described. A mechanism for this 
strain aging embrittlement is suggested which involves plastic deformation 
inducing microsegregation of interstitially dissolved hydrogen to the grain bound- 
aries of these two-phase polycrystalline materials. This microsegregation in- 
volves diffusion of the hydrogen and proceeds at a finite rate. Properties meas- 
ured under various conditions of loading depend upon whether the rate of deforma- 
tion is fast or slow relative to the rate of microsegregation and consequent em- 
brittlement. 
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A Stochastic Process Model for Mechanical 


Breakdown 


BERNARD D. COLEMAN, E. I. du Pont de Nemours and Company, 
Carothers Research Laboratory, Wilmington, Del. 


I. INTRODUCTION 


The purpose of this article is to present the development of an ab- 
stract model for discussing the kinetic events occurring in the failure 
of a load-bearing fiber. The essential feature of this model is that it 
regards mechanical failure as being a stochastic process whose primary 
event is the breaking of a localized chemical bond. It turns out that 
this assumption is sufficient, even when crudely developed, to ac- 
count qualitatively for the size-dependence, the time-dependence, 
and the extreme autocatalytic nature of mechanical breakdown 
phenomena. 

Most of the present discussion is confined to a “perfect” fiber of 
uniform cross-section which contains no defects or Griffith flaws.'~‘ 
Recognition is taken, however, of the fact that the time of occurrence 
of microscopic events, such as the breaking of chemical bonds, cannot 
be exactly predicted, even if the applied stress is exactly known. 

Tensile strength measurements have the distinctive characteristic 
that they measure a property of the weakest cross-section, and not a 
volume-average quantity. As a consequence of this, we cannot say 
that it is obvious that a long perfect fiber, free from flaws, and con- 
taining, say, 10° molecules per cross-section, possesses fluctuations in 
tensile strength too small to be measured. In the present treatment, 
however, it is proved that such is the case, and it is also shown that, 
though the tensile strength of a perfect test sample depends on its 
length, the dependence is slight. This result confirms an assumption 
commonly made,** namely, that the relatively large variance and 
“size effects’”’ encountered in real fibers must be due to the presence 
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of flaws. Toward the end of this article a route is suggested for ex- 
tending the theory to discussions of imperfect systems when the dis- 
tribution of flaws is known. 

The tensile strength of many materials, including the oriented poly- 
meric fibers of textile importance, increases somewhat as the speed 
of measurement increases’~* (or the time interval allowed for failure 
decreases). For example, the early work of Peirce** has shown that 
the tensile stress supported by cotton yarns and filaments increases 
about 10% for every tenfold increase in the speed of measurement over 
a range of breaking times of about seven decades. The model of the 
present theory apparently accounts for such observations quite satis- 
factorily, in contrast to the static statistical models which, in the 
classical theories,*:*":'' have been treated by the methods of extreme 
value statistics. 

The stochastic process model also presupposes a point of view mark- 
edly different from that taken by R. Fiirth® in the development of a 
thermodynamic theory of breaking strength. In order to be able to 
emphasize the time-dependence of fracture phenomena, this discussion 
is limited to systems for which the applied forces are large enough so 
that the minimum energetic requirements for the creation of a new 
surface need not be considered. In other words, it is assumed here 
that the test sample is bearing a load sufficiently large so that it is 
known that fracture will eventually occur. The question to be 
answered is: “How long must we wait?” On the other hand, it is 
also assumed that the lifetime of the sample is long enough to allow the 
neglect of impulsive loading and wave effects. 


Il. THEORY 
1. Description of the Model 


Let us consider a fiber of uniform cross-section and of length, /, 
which is bearing a uniaxial tensile stress, f. The present discussion is 
limited to cases in which f is a constant. Our problem is to calculate 
the probability, ¢/(ts)dtz, that the fiber will break in a time interval 
at tz, or the associated cumulative distribution function: 


tb 
Qts) = f q,(bdt (1) 


Denoting by z the distance along the fiber axis, we shall consider the 
fiber to be divided into a set of thin slabs of thickness, Az, whose 
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planar boundaries perpendicularly intersect the fiber axis at the 
points 21, Z2,....2% Za, .... ete. The symbol S, shall refer to the 
region bounded by the planes at z; and z,,;. It will be assumed that, 
when the fiber breaks, the fracture will be completely contained in a 
particular slab, Sz. Lett = 0 be the time at which the fiber is loaded 
with f. We shall say that at this time the region S, contains N, 
chemical bonds, all of which must eventually be broken if the fiber 
is to break at S, After the load is applied, the number of unbroken 
bonds in each slab will start to decrease. Let n,(t) be the number of 
unbroken bonds in S,; at a time ¢. The time required for n,(t) to de- 
crease to zero shall be called the lifetime of S;. The lifetime of Sp, 
is tg, and Sz is that slab for which n(¢) first reaches zero. 

The present discussion will be simplified by assuming that the fiber 
is uniform to the extent that all of the slabs contain the same number 
of bonds, N, att = 0. We shall say that a given slab, S,, is in the 
state &y,, at time, ¢, if it contains n bonds at that time. 

The basic statistical assumptions of the present theory may be 
stated as follows: 

(1) The only allowed transitions for a given slab are &y.y — 
&y.w-1 > &y,nw—2 and so on up to &y ». 

(2) If the stress is held constant in time, the probability of the 
occurrence of a transition &y,, —~ &yv,,-1 remains unchanged as long 
as S, is in the state &y,,, regardless of the status of the nearby slabs, 
Siti, Sin, Saya, ete. 

(3) If it were possible to maintain the force per bond constant in 
time, then it would be found that the bonds in S,; break according to 
first-order chemical kinetics, and the probability of the transition 
n,n > &n,,—-1 taking place in a small time interval dt would be nkdt 
+ o(dt), where k is a function of f alone. Since, however, the force 
per bond in S,; must increase as n,; decreases, we would in general ex- 
pect k to actually increase with decreasing n,. If we assume that the 
load released by a broken bond is equally shared by the remaining 
unbroken bonds in its slab, then k will be a function of fN/n. In 
practice, it may happen that the rupture of several bonds may affect 
the local geometry in a particular slab so as to concentrate the stress 
on some of the bonds in such a manner that they bear a load consider- 
ably greater than fN/n. For present purposes, we shall neglect such 
effects and assume that k = k(fN/n). 

The theory of absolute reaction rates'? may be used to obtain a 
reasonable postulate for the functional form of k(fN/n). Arguments 








fl 
| 








156 B. D. COLEMAN 


first presented by Tobolsky and Eyring" in a discussion of the creep 
failure of polymeric filaments may be interpreted as indicating that: 


k({N/n) = aexp {BfN/n} (2) 


where a and @ are functions of the temperature, but not of the stress- 

The probability that S, is in a state &y,, at a time, ¢, when it is 
known that the stress is f, will be denoted by Py,,(¢|f) and the transi- 
tion probability, nk( {N/n)dt, will be written as Ay_,dt. 

The statistical assumptions (/), (2), and (3) are equivalent to 
stating that the behavior of S, in time constitutes a stochastic process!‘ 
obeying the following system of differential equations (the symbols 
P™ and P™ will indicate the first and mth partial derivatives of P 
with time): 


(1) 
Py age —Aw wPww 


PY’ —AwiaP vin + AnaiPw ett (3) 


(1) 
Pwo = AnaPna 


subject to the conditions that for all values of n and ¢: 


0 < Pwalt\f) <1 (4a) 
for alln # N: 
Py.(0\f) = 0 (4b) 
and: 
Py,wO\f) = 1 (4c) 


In this paper we shall not discuss systems for which the broken 
bonds can reform. This means that we neglect the possibility of 
transitions of the type &v,.,— Sw... If such transitions do occur, 
they may be accounted for by adding a term py ,,»-1Py,»-1 to the ex- 
pression for PY, in equations (3). The theory of Tobolsky and 
Eyring suggests that: 


Hy »1 = (n — 1)aexp| —BfN/(n — 1)} (5) 


For most of the strong textile fibers, one must apply a load such that 
Bf > | if fracture is to occur in a reasonably short time interval. For 
such systems, Av ,, > uv ,,-1, and the neglect of the healing of broken 
bonds is justified. 
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The quantity, 1 — Py o(t|f), is the probability that S, has a life- 
time greater than ¢ when the stress is f. Let M = 1/Az be the num- 
ber of slabs in the fiber. It is apparent that our assumption (2) above 
implies that the probability, 1 — Q,(ts), that the fiber has a lifetime 
greater than tz, is equal to the probability of occurrence of M inde- 
pendent events each of probability, 1 — Py o(ts|f): 


= Qt) - {1 - Py o(ta|f))”" (6) 


To obtain a precise knowledge of the distribution of tg for arbitrary 
M, one must solve equations (3) and (4), which describe a single slab, 
and then use the “weakest link’”’ hypothesis of equation (6) to calcu- 
late the behavior of the fiber. For most real systems, however, M will 
be extremely large, and equation (6) indicates that in such cases only 
those values of tg for which Py o(ts|f) is small will yield an appreci- 
able value for 1 — Q,tg). Therefore, in the limit as M —~ ©, we 
need only to know the behavior of Py o(ts|f) for tg close to zero. 
For long perfect fibers, it shall suffice to have the following result: 


LEMMA: Equations (3) and (4) imply that for all m < N: 


PY (O\f) = 0 (7a) 
and: 
PYS Olf) = NiAn (7b) 
where: 
N 
Ay == (N!)-' IT Aw (7e) 
‘= 1 


To show this we successively differentiate the last of equations 
(3) and use the others to eliminate the derivatives of Py 1, Py», ete.: 


PY, = AwaPwa 
PY, = —A\vaPwa + Aw sAwaPw.2 (8) 


PY, = A\vaPwa — Ny wAwePwv.2 — AwaAwaPve 
+ AwwArw,Av,.Pws 


By virtue of (4b), all of the terms on the right in equations (8) will 
vanish at ¢ = 0 until we reach the Nth derivative of Py, which is 
the first to contain a term with Py,y as a factor. The term in Py,y 
will be N! AwPy,y and the use of (4c) will yield (7b). 
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Although equations (6) and (7) supply the necessary apparatus for 
a discussion of long perfect fibers, it is instructive to first examine in 
detail the behavior of a single slab. 


2. The Rate of Breakdown in a Single Slab 


When the stress f is a constant, Ay, is not an explicit function of ¢, 
and the solution of equations (3) and (4) is: 


Pyalt|f) = Ann Le on.nawye (9a) 
j=WN 
ovaj = TT (1 — Aw,j/Aw,)™" (9b) 
“ind 


This is most readily verified by direct substitution. 
The probability, py,,(t|f)dt, that the transition &y,, —~ Ey »—1 
occurs in a small time interval at ¢ is simply Aw,»Pw,»(t| f)dt: 





Prnlt|f)dt = S dwn prwye (10) 
jJ=N 


Equation (10) yields the following expressions for the average time, 
Ey,,\t}, at which the transition &y,, > &y,,.-1 occurs, and the vari- 
ance, oy», in this time: 


Ey,» t} = 2. NW Onn (11) 
onan = 2 2. On.n.jANG ; a bundy (12) 
g§@a 3° 


These expressions for E went t} and oy,, are too complicated to be of 
immediate use. Simpler expressions may be obtained by computing 


the characteristic function," Ey,,{e™}, (¢ = v1, v real): 


Ey je™} - f ey n(t| f dt (13) 
0 


= 2 dvns(l — i¥/dw,s)™ (14) 
I= 


and noting that the right side of equation (14) is the partial fraction 
expansion of the following: 


Ey, je“} = TT (1 — i~/Aw,)— (15) 
N 
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The mth moment, Ew,,{t™} , and the mth semiinvarient xw n,m, May 
be calculated from the general properties of characteristic functions: 


mE y a3 yivt 
i™Ey,,{t™} = o" Ew. Le 





oy" — yao ue) 
o” In Ey,,{e™} us 
xe = Se (17) 
According to (15), the Maclaurin series expansion of In Ey,,{e™} is: 
In Ey,,{e“} = > oe > ainip (18) 
r=1 rT g=eNn 


Thus we obtain the following remarkably simple expressions for 
Ev.. {t}, o¥v,», and the third moment about the mean, yy, 


Ey,.{t} = xy... = Dw (19a) 
g@6 

Onn = XN02 = DL Ani (19b) 
j=WN 

BN.n = XN na = 2 2 ws (19¢) 
g@3 


When Aw,; = jk(f{N/j), and N is very large, the summations in 
equations (19), can be made into Reimann integrals by putting y = 
*/N, and noting that when j increases by 1, Ay = N-': 





lim Ey,n{t} f ¥ 20a) 
m Tm = * me 2Ui 
N+ o@ m" n/n YK(f/y) ai 
. dy 

lim oy. =/ rt f —.— 2 
Pol oN, nsw yk f/y) (20b) 

: dy 

lim py. = av-+ [ me 20c 
en ee. ww PEXS/Y) (20c) 


These results for large N justify the intuitive notion that in the 
limit, as N — «, n(t) should obey the “deterministic” equation: 


—dn/dt = nk(f{N/n) (21) 


with negligible fluctuations, for equation (20a) is a solution of (21). 
For a slab of size N, the probability density function for the distribu- 
tion of lifetimes is given by py.:(t|f)dt. Thus, the mean lifetime, its 
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variance, and third moment about the mean for a nearly infinite slab 
are 


1 dy 
lim Eyalt -f —_——. 22 
Poa wall} 0 yk(f/y) on 
1 dy 
li 2 = v- f —__—— ‘ 
Pa ova = / 0 PR S/y) (22b) 
dy 
lim py: = an-+ f ——_ Me 
Fu a 4 » yk f/y) - 


It should be noted that the integrals of equations (22) are finite for 
a very general class of functions, k(f{N/n), of which equation (2) gives 
only a special case. In fact, we need only to postulate that k(fN/n) 
is always greater than zero, monotonic in f, and that: 

lim k(f/y) > @ (23) 

yO 
at least as fast as some positive (yet arbitrarily small) power of f/y to 
guarantee that the following statements are true: (a) The average 
lifetime of the slab is finite for all N, finite or infinite. (b) As N ap- 
proaches infinity, the lifetime distribution becomes perfectly sharp 
with a coefficient of variation, ov ,/Ey,{t} that is proportional, in 
the limit, to N~'?. (c) As N increases, u*y,, becomes negligible 
when compared to o'y,:. 

Furthermore, if we let At, be the time the slab spends in the state 
Ey», it is now evident that the quantities Ai,(n = N, N — 1, ...1) 
constitute a set of independent random variables drawn from differ- 
ent populations. The lifetime of the slab is just the sum of these 
random variables. Thus, items (a), (b), and (c) above are more than 
sufficient for us to state that Liapounoff’s form of the central limit 
theorem" applies to the lifetime distribution. We can, therefore, 
conclude that as N approaches infinity the lifetime distribution for 
an isolated slab is asymptotically normal, with a mean and variance 
given by equations (22a) and (22b), respectively. 

The “autocatalysis” condition of equation (23) obviously applies 
to systems which obey equation (2). For such systems: 


lim Eyalt} = af ne —a~'Ei( —pf) (24) 
bf 


N- @ zr 
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Here, we have put « = @fy~'. The function —Ei(—£f) is tabu- 
lated.'*"* From equations (2) and (22b) we obtain: 


lim oy, = (2Na°Bf)—e~ (25) 


N—~ @ 


Thus, for large slabs the coefficient of variation in the lifetime distri- 
bution is: 


lim wa/Ew att} = F (#\" (26) 
where H is defined by: 
H = —pfe"Ei(—@f) (27) 
For large @f: 
H = 1 — (@f)-' + 2'(6f) — 316) + ... (28) 
3. Behavior of a Long Fiber 


We consider a long perfect fiber with M > 1. For such a fiber we 
may expand Py.o in equation (6) about i = 0, and use (7) to write, 
for (6): 


1 — Qfts) = [1 — Antg + ...]" (29) 
For large M, this becomes: 
1 — Qts) = exp{ —MAytj} (30) 


and, recalling equation (1): 
grits) = NMAyt3~' exp { —MAyt}} (31) 
The most probable value of tz is: 
jim _ (te) mode = (1 — 1/N)“*(MAy)~”* (32) 
The mth moment of this distribution is: 
J. E{ ts} = (MAy)~"/*T(1 + m/N) (33) 


where I’ denotes the gamma function. It is seen that such dimension- 
less quantities as the coefficient of variation, ¢,/E {ts}, and the coef- 
ficient of skewness, 4 2*/os*, for tg are independent of both the length 
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of the bundle and the functional form of k(fN/n) when M is very 
large: 


fT(l + 2/N) ) 2 


: sms -_ é te - 9 
jim ¢s E} ts} ira + 1/N) lf (34) 
and: 
lim pp/op = 
rl + 3/N) — 3rqi + 1/N)TCL + 2/N) + 27%(1 + 1/N) (35) 
Eo — Lt hens i bail ST, 


(r(1 + 2/N) — ri + 1/N)} #2 


In the limit as both M and N become large, the distribution of t, 
sharpens. The following expansion for the gamma. function: 


»2 xz? 
r(l + 2) = 1 — yx + (#*/6 + 7%) — — (bs + 3yx°/6 + 7) 2 
+ O(z*) (36a) 
where: 
y = 0.577215665. .. (36b) 
bb = 2 >> r-* = 2.40411381.. 
r=1 
may be used to show that: 
lim E{tz} = (MAy)~”* (37) 
betes 
lim op/E{ts} = x6-2N-' (38) 
pgs 
and: 
lim ypp/oy = —b6*2x-* (39) 
M—- @ 
N-~ @ 


Apparently, for a long fiber with many bonds per cross-section, the 
coefficient of variation in the lifetime decreases as N-'. A compari- 
son of this result with that of equation (26) indicates that for large 
N a long fiber has a much sharper lifetime distribution than a single 
slab. It will also be noticed that, although the lifetime distribution 
of a long fiber sharpens rapidly as N increases, it is never normal, be- 
cause the coefficient of skewness approaches a constant value. 
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For the special case in which the individual slabs obey equation 
(2), equation (33) yields: 


, IN m J 
lim Elts} = Tl + 1/N)M~“*%a- exp ) _ og > i (40) 
us @ \ n=1 7) 

For large N, this may be simplified by using the following expression'® 
for 


y = lim ; yy — In vt (41) 


N-—- @ =17 
thus: 


lim E{ts} = M~“%a—N-%e~ (42) 


M-—- @ 
N- @ 


Equations (40) and (42) imply that, for a long fiber with given M 
and N, the logarithm of tg should be a linear function of the applied 
force. This relation is in agreement with experiment over a wide 
range of ts for a large class of substances including cotton, rayon, and 
drawn polyamide and polyester fibers.*-* 

Let us now consider an experiment in which the breaking strengths 
of fibers are measured by holding them under constant stresses, /*, 
and determining whether they break in a time interval, 0 < ¢ < ?*, 
where ¢* is the maximum time available. Substitute /* for tg and f* 
for f in equations (1) and (30). Since Q,«(¢*) is the probability that 
a given fiber does not last until (*, when held under f*, it represents, in 
this experiment, the probability that the fiber has a strength less than 
f*, that is, the cumulative distribution of breaking strength. If we 
continue to use equation (2), and put: 


2 = M(t*a)” (43a) 
N 
T= 8 X (1/n) (43b) 


in equation (30), we obtain the following expression for the probability 
density function, h( f*|t*), for breaking strengths: 


2Qyo(t*) 
of* 
T2 exp {Tf* — Qe™"}df* (44b) 


h(f*| t*)df* = af* (44a) 


ll 
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The most probable breaking strength is: 


lim (f*)moae = T—' In Q-"' (45) 


M—- @ 


Equation (41) may be used to evaluate (45) for large N: 


lim (f*)moae = By + In N)-'[—In (t*a) —N-'In M] (46) 


M-—> @ 
N- @ 


Thus, it is seen that there is a dependence of the tensile strength on 
fiber length; but, as N — o, this dependence very rapidly becomes 
negligible. It will also be noticed that at constant N and M the 
strength decreases linearly with increasing In ¢*, and that for very 
heavy fibers (/*)moae is nearly inversely proportional to In N. 

For real systems, N and (t*a)~' will be > 1, and, therefore, 2 
will be < 1. Thus, according to equations (30) and (44), h(f*| t*) 
will be normalized in the sense that: 


f * n(gt| tape = 1 (47) 


The average breaking strength, E{f*}, is calculated by putting 
x = Qexp (Tf*) and integrating by parts: 


: ri “gre 7-1 f ¢_. 
jim BU -f f*h(f*| t*)af* = 7 f = de (48a) 
For small Q this becomes: 
jim E\f*} = T-' (In Q-! — ) (48b) 


N-—- @ 


Since the difference between the mean and the mode is a negative 
quantity, distribution of f* is skewed to the left. The variance in f* 
obtained from equation (44b) is: 

lim of = 2/6T? (49) 
This quantity decreases faster than N~* with increasing N, but is in- 
dependent of M and ¢*. 


4. Systems Containing Flaws 


The discussion given above was for systems free from stress-concen- 
trating flaws. We can now get slightly closer to reality by imagining 
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a fiber which still obeys the three statistical assumptions of Section 
II-1, but which possesses small impurities and/or cracks which con- 
centrate the stress so that the value of f in a particular slab may be 
considered a random variable. If we let @ represent the tensile stress 
measured by a macroscopic observer, it is reasonable to postulate that 
the cumulative distribution function for f, G,(f), is independent of z 
and possesses the properties: 


Prif<o} =0 (50a) 
Prif> 0} = 1 — G,(f) (50b) 


It must, of course, be realized that f is now a fictitious quantity, or 
rather an “effective stress’? which has been averaged over the slab. 
It will be assumed that the volume occupied by the flaws is small 
enough so that N is still the same for all the slabs. We shall denote 
by Q,(ts) the cumulative distribution of breaking times and by g,(f) 
the probability density function corresponding to equations (50). 
Equation (6) now becomes: 


1 — Qe(ts) = [1 — Po(tn)]” (51) 
where: 
P,(ts) = f ” olt)at (52) 
and: 
pat) = J pwaltl foo Saf (53) 


The density function, py _,(¢|f), is still given by equation (10). 

For small N, one must use equation (53) to evaluate (51). For 
heavy fibers, however, we can make use of the fact that pwalt| f) be- 
comes a Dirac delta function as N increases without bound: 


Pwa(t|f) = 6(t — a) (54a) 


where: 


a=a(f) = jim Ewal t} (54b) 
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Let a*(tg) = f represent the inverse function for a(f), that is, the 
function which gives the value of f for which: 


lim Ew sit} == lr 


N— @ 
Since a*(tg) is a monotonic decreasing function of tg, we can write: 


lim Pts) = 1 — G,fa*(ts)) (55) 


N ~~ @ 
Thus, for large N, equation (51) becomes: 


lim [1 — Qp(ts)] = {G,[a*(ts)]}} a (56) 
N- @ 

If a specific functional form for G,(f) is assumed, the classical meth- 
ods of the theory of extreme value statistics may be used to evaluate 
equation (56) and thereby to obtain explicit expressions for the dis- 
tribution of lifetimes under constant loads. 


5. Implications 


When fibers are broken through the isothermal application of ten- 
sile stresses, subsequent examination of the fragments does not always 
yield evidence of any significant chemical change having taken place 
throughout the fibers during fracture. This well-known fact appears 
to conflict with the assumption of the present theory that, immedi- 
ately upon the application of the stress, chemical bonds start to break 
in all the slabs comprising a fiber. The following simple calculation, 
however, resolves this apparent difficulty. 

Consider a long perfect fiber test sample, say, 1 mil in diameter and 
25 cm. in length. For such a fiber, reasorable values of N and M are 
10° and 10°, respectively. Assuming that the fiber obeys equation 
(2), we shall show that, in the absence of flaws, it is quite likely that 
ut the moment when this fiber breaks no appreciable change will have 
occurred in any of the S,, except Ss. If we use the theory of ab- 
solute reaction rates,'? we can expect the parameter 8 to have the 
order of magnitude: 


B = o/2kT (57) 


where T is the absolute temperature, k is Boltzmann’s constant, and 
v is roughly equal to the area per chemical bond times the distance 
moved when the bond is broken. If a force greater than 10° dynes 











STOCHASTIC PROCESS MODEL 167 


cm.~? is required to break the fiber in a reasonably short time at room 
temperature in the absence of flaws, then we can say that sf > 2. 
Equations (42) and (38) yield the result that, for this perfect fiber, 
the fluctuations in tg are negligible and: 


atpn <@e@ 42 (58) 


The quantity N is sufficiently large for us to safely assume that the 
mean value of n/N, (n/N)as, averaged over all the slabs in the fiber, 
is determined by equation (21). Thus, when t = tz: 


atp = —Ei(—6f) + Ei(—Bf(n/N)ar) (59) 


A comparison of equations (58) and (59) indicates that, when ¢ = 
ta, (n/N)es is so close to unity that no method of chemical analysis 
could hope to detect signs of degradation except, perhaps, at the sur- 
face created by the fracture. The extremely small value of at, in- 
dicates that we can vary the assumed values for the molecular param- 
eters over a considerable range and still come out with the same con- 
clusion. This result is a consequence of the extreme autocatalytic 
nature of mechanical breakdown. 

The discussion of this paper rests on the three statistical assump- 
tions listed in Section II-1. It is recognized that the use of assump- 
tion (2) and the assumption that k = k({N/n) reduces this treatment 
to an abstract model with only qualitative implications. It is felt, 
however, that the predictions of the theory with regard to the mag- 
nitude of the variance and skewness to be expected in tensile strength 
measurements on perfect specimens, the dependence of strength on 
speed of measurement, and the autocatalytic nature of the break- 
down process, are significant. The reader may find it of interest to 
contrast the methods and results of this study with those of the theory 
of Daniels” for calculating the strength of parallel arrays of filaments 
for which time effects can be neglected. 

Actual fiber specimens show a variance in ¢s that is many orders of 
magnitude greater than that calculated here for perfect fibers.* Since 
the large dispersion in the behavior of real systems is caused by flaws, 
the following question arises: “How much can one learn about the 
distribution of flaws from studies of the distribution of tg in long 
fibers?” This important question wil] be discussed in detail in a future 

. publication. 
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Synopsis 


A model is developed for discussing the time-dependence of mechanical strength 
measurements. This model is particularly applicable to polymeric fibers which 
show large time effects that are not accounted for by the classical ‘‘weakest link”’ 
theories. Most of the discussion is confined to a perfect fiber, free from flaws, 
that can be divided into a set of noninteracting slabs. Calculations have been 
made of the distribution of breaking times for isolated slabs and long fibers com- 
posed of many slabs. It is found that, under rather general conditions, the 
single slab lifetime distribution is asymptotically normal as the number of bonds 
increases without limit, although the corresponding distribution for a long fiber 
is never normal. It also appears that, as the cross-sectional area increases, the 
coefficient of variation of breaking times for a long fiber goes to zero much faster 
than for a single slab. Toward the end of the article a route is suggested for esti- 
mating the effect of stress-concentrating flaws on the distribution of breaking 
times. 
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On Ideal Locking Materials 


WILLIAM PRAGER, Brown University, Providence, R. I. 


I. INTRODUCTION 


Stress analyses in engineering are most frequently based on the 
linear theory of elasticity, though deviations from the linear stress— 
strain law are observed for practically all engineering materials. 

Depending on the character of these deviations, materials may be 
classified as soft or hard. For a soft material, the stress increment re- 
quired to produce a specified strain increment diminishes with pro- 
gressing deformation; for a hard material, on the other hand, this 
stress increment grows as the deformation proceeds. Examples of 
these two types of mechanical behavior are provided by the structural 
metals (steel or aluminum) and the materials used for package cush- 
ioning' (excelsior or foam rubber). 

The perfectly plastic solid? exhibits an extreme type of soft be- 
havior: once a certain stress level (called the yield limit) has been 
reached, deformation may proceed under a constant state of stress. 
Since the theory of perfectly plastic solics has proved useful in es- 
tablishing a qualitative understanding of the mechanical behavior of 
soft materials, the corresponding theory for hard materials will be 
developed in this paper. 

For simple compression, the extreme type of hard behavior con- 
sidered here is indicated by the stress-strain diagram OAB in Figure 
1: the stress response to a sufficiently small strain is governed by 
Hooke’s law; when the strain reaches a certain limiting value, there 
is locking in the sense that any further increase in stress will not cause 
any changes in strain. 

In the theory of perfectly plastic solids, useful results are obtained 
from a simplified analysis that neglects all elastic strains. The cor- 
responding analysis for the solids considered here would neglect the 
elastic stresses in comparison to the much larger stresses that can be 
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supported in the locked state. This simplification will be adopted in 
the following; it amounts to replacing the stress-strain diagram OAB 
in Figure 1 by OA*B. 

One obviously has a good deal of latitude in specifying the corre- 
sponding behavior for more general states of stress. In the absence of 
experimental evidence, it seems best to use the analogy with per- 
fectly plastic solids as a guide to sufficiently general stress—strain laws 
that promise to be adaptable to a wide range of experimental results 
once these become available. In plasticity, theoretical speculations 
about the structure of the yield condition or stress-strain Jaw re- 
peatedly pointed the way to unexpected experimental results, and 
the same may be expected to happen in the new field investigated 
in this paper. 


k STRESS 








STRAIN 





‘e) a 


Fig. 1. Ideal locking material in simple compression. 


II. STRESS-STRAIN LAW 


In the following discussion of the relation between locking strains 
and stresses, it will be assumed that the principal axes of stress at a 
generic point coincide with the principal axes of strain at this point. 
Since the orientation of these coincident axes must be immaterial in 
an isotropic solid, the stress-strain law reduces to a relation between 
the principal stresses ¢, o2, ¢; and the principal strains «, é, ¢. 

It will be useful to represent the state of strain by the point (strain 
point) in strain space that has the rectangular Cartesian coordinates 
&:, €, €&. The radius vector of the strain point will be denoted by «. 
Similarly, the state of stress will be represented by the vector o that 
has the components a, a2, ¢; with respect to the coordinate axes of 
strain space. 
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States of strain that can occur in the considered material will either 
produce a negligible elastic stress or cause locking. It will be as- 
sumed that the points representing these admissible states of strain 
form a convex region of strain space, whose interior or boundary 
points respectively correspond to purely elastic or locking states of 
strain. A plane through a boundary point of this admissible region of 
strain space is called a supporting plane, if it bounds a half-space that 
contains the admissible region. 

As in the case of simple compression, we assume that each locking 
state of strain is associated with a one-parameter family of states of 
stress. Considering a locking state of strain, let P be the correspond- 





ic 
a al 
| 
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Fig. 2. Typical admissible regions in strain space and associated stress vectors. 


ing boundary point of the admissible region, ¢ its radius vector, and ¢ 
the vector representing an associated state of stress. In analogy to 
Koiter’s* theory of the generalized plastic potential, we assume that o 
is normal to a supporting plane of the admissible region at P and di- 
rected from the origin O of strain space toward this plane. Figures 2a 
to 2c indicate various situations. The point P in Figure 2a is regular 
because the supporting plane through P is uniquely determined and 
contains no other points of the admissible region. The points P in 
Figures 2b and 2c are singular. In Figure 2b an infinity of supporting 
planes exists through P, but none of these contains any other points 
of the admissible region. In Figure 2c the supporting plane through 
P is unique but contains an infinity of boundary points of the ad- 
missible region. 
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In the situations shown in Figures 2a and 2b, the state of stress ¢ 
uniquely specifies the locking state of strain « by which * is caused. 
In the situation indicated in Figure 2c, the state of stress ¢ may be 
caused by any one of an infinity of locking states of strain. In all 
three cases, however, the scaler ] = o-e is uniquely determined by 
the state of stress: 


I =I (a) =1 (a, a2, 93) (1) 


For brevity, the term ideal locking material will be used in the follow- 
ing to refer to any material that has the mechanical properties 
specified in this section. 

As an example consider the ideal locking material defined by the 
following statements: none of the principal strains «, ¢, and « can 
fall below a given negative value —¢eo, and locking occurs whenever 
at least one of the principal strains reaches this value. The admis- 
sible region in strain space, specified by the inequalities: 


4 => —-60,@ 2 —&@, 62> —& 


is an octant with the vertex « = « = «& = —«. If the strain point 
lies on only one of the bounding planes of this octant, say the plane 
€| = —€, the corresponding principal stress o,; can have any nonposi- 
tive value while the other principal stresses must vanish. If the 
strain point lies on an edge of the octant, say the edge « = @& = —e, 
the corresponding principal stresses o; and o2 can have any nonposi- 
tive values, but o; = 0. Finally, if the strain point coincides with 
the vertex, all three principal stresses are nonpositive. In all cases 
the invariant J is given by: 


I = —e@ (a; + o2 + @3) (2) 


Ill. THE PROBLEM 


Considering a body made of an ideal locking material, let the part 
S, of its surface S be free from surface tractions while the (infini- 
tesimal) surface displacements are prescribed on the remainder Sy of 
S. Can the body accommodate itself to these boundary conditions or 
will the attainment of the prescribed surface displacements be pre- 
vented by locking? 

The discussion of this problem is facilitated by the introduction of 
the following concepts. 

1. A displacement field that is defined throughout the volume V of 
the considered body is called kinematically admissible, if it satisfies 








| 





IDEAL LOCKING MATERIALS 173 


the boundary conditions on Sy. Such a field is called free, if the cor- 
responding strains do not imply locking at any point of V. 

2. Avstress field defined throughout V is called statically admissible 
if it satisfies the condition of equilibrium in V and the boundary con- 
dition of vanishing surface tractions on Sy. Such a stress field is 
called locking, if the work of its surface tractions on the prescribed 
surface displacements on Sy exceeds the volume integral of the scalar 
I introduced in connection with equation (1). 

We are now ready to state two theorems, which are useful in solving 
the problem formulated at the beginning of this section. 

Theorem 1. Locking will not occur if a free, kinematically admis- 
sible displacement field can be found. 

Theorem 2. Locking must occur, if a locking, statically admissible 
stress field can be found. 

The analogy between ideal locking materials and perfectly plastic 
solids has already been pointed out. The theorems stated above 
obviously correspond to the fundamental theorems of limit analysis‘ 
and can be proved in a similar manner. 


IV. EXAMPLE 


Consider a hollow sphere of the interior radius a and the exterior 
radius 6, made of an ideal locking material and containing a rigid 
sphere of the radiusa. All points of the exterior surface of the hollow 
sphere are to be given the purely radial displacement up directed to- 
ward the center of the sphere. Assuming that the material of the 
hollow sphere locks whenever at least one of the principal strains 
reaches a given negative value —«, determine the magnitude of wp 
which causes locking. 

Using spherical coordinates r, 6, y, consider first the kinematically 
admissible displacement field determined by the purely radial dis- 
placement: 

r—a 


(3) 


“= —U& > 
b—a 


which satisfies the boundary conditions at r = a andr = 6. The 
corresponding principal strains are: 


du Up . i, Uo (1 *) 4 
ants dr 7 b—a’ lin a “he b—a r } 
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For a <r < b, the constant strain «, has the largest absolute value. 
The considered kinematically admissible displacement field is there- 
fore free if u/(b—a) < «. It follows then from Theorem 1 that 
locking cannot occur if: 


ue < eob[1 — (a/b)) (5) 


In a similar manner any free, kinematically admissible displacement 
field furnishes a lower bound for the surface displacements that cause 
locking. 

Consider next the statically admissible stress field with the principal 
stresses: 


o, = 0 = o, = —p = constant (6) 


which corresponds to a state of uniform hydrostatic pressure p. 
For the ideal locking material considered in the present problem, the 
invariant (2) is: 


I = —e(o, + a + @,) (7) 


where ¢,, o, and o, are the principal stresses on account of the 
spherical symmetry. The statically admissible stress field (6) will 
therefore be locking whenever 


4ab*puy > */3 x(b* — a*)3peo (8) 
It follows then from Theorem 2 that locking must occur if: 
up > eb[l — (a*/b*)] (9) 


In a similar manner any locking, statically admissible stress field 
furnishes an upper bound for the surface displacements that cause 
locking. 

When the ratio a/b does not differ too much from unity, the bounds 
(5) and (9) may be sufficiently close to each other for practical pur- 
poses. If closer bounds are desired, the particularly simple stress 
field (6) must be replaced by a more realistic one. The strain field 
(4) suggests that in the limiting case only the strain «, assumes the 
critical absolute value ¢. It therefore seems appropriate to consider 
a stress field for which only the stress a, differs from zero. The con- 
dition of equilibrium: 


(d/dr)(r?e,) = 0 (10) 
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then requires that the stress field be of the form: 
o, = —c/r’*,o,=0,=0 (11) 


where c is a positive constant. This statically admissible stress field 
will be locking if 


c be 
4ab? — uw > 4a- -~ er*dr = 4rceq(b—a) (12) 
b? ar? 


Theorem 2 shows then that locking must occur if: 
Up > eb [1 — (a/b) ] (13) 


The inequalities (5) and (13) establish up = €(b—a) as the critical 
value of the surface displacement. 


The resulis presented in this paper were obtained in the course of research 
sponsored by the Office of Naval Research under Contract N7onr 562(10). 


References 


1. See R. D. Mindlin, Bell System Tech. J., 24, 353-461 (1945). 

2. See, for instance, P. G. Hodge, Jr., and W. Prager, Theory of Perfectly Plastic 
Solids, John Wiley & Sons, New York, 1951, Chap. 1. 

3. W. T. Koiter, Quart. Appl. Math., 11, 350-354 (1953). 

4. See, for instance, W. Prager, Probleme der Plastizitdts theorie, Birkhauser, 
Basel, 1955, Chap. 3. 


Synopsis 

The paper is concerned with the mechanics of ideal locking materials. Such a 
material deforms freely under negligible stresses until a certain strain invariant 
reaches a limiting value when locking occurs in the sense that, depending on the 
locking strain, certain kinds of stress increase will not cause any change in strain. 
The following boundary value problem is discussed. A body made of an ideal 
locking material is subjected to prescribed surface displacements over part of its 
surface, while the surface tractions are required to vanish over the remainder of 
the surface; can the body accommodate itself to these boundary conditions or 
will the attainment of the prescribed surface displacements be prevented by lock- 
ing? Theorems are given which furnish bounds for the surface displacements 
that cause locking. A simple example is discussed in some detail. 
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Heat Generation and Conduction in the Flow of a 
Viscous Compressible Liquid 


H. L. TOOR, Chemical Engineering Department, Carnegie Institute of 
Technology, Pittsburgh 18, Pa. 


The flow of a fluid under a large pressure gradient is characterized 
by a significant amount of frictional heat generation. High polymers 
at elevated temperatures are an important class of viscous fluids 
which are commonly transported under very large pressure gradients. 
Attempts to determine the isothermal stress rate of strain curves un- 
der these conditions are complicated by the temperature gradients 
which arise due to the frictional heat generation. 

It was shown recently' that, under the conditions in which fric- 
tional heat generation is large, real liquids cannot be considered as in- 
compressible—for, even though volume chunges are small, thermal 
energy changes caused by liquid expansion are appreciable. The limit- 
ing temperature profiles obtained in long, nonadiabatic conduits were 
shown to be considerably different from those obtained for incom- 
pressible liquids. 

In flow through a conduit there are at least three thermal states. 
Immediately after the flow starts there will be an unsteady-state 
period in which the temperature will vary with @, xz, and r which will 
be succeeded by a steady-state period in which the temperature will 
vary only with zandr. Finally, for large enough values of x the tem- 
perature will vary only with r. 

Temperature profiles in the inlet region where the temperature is a 
function of x and r have been determined for incompressible liquids, 
both Newtonian’? and non-Newtonian’ and profiles for compressible 
and incompressible liquids have been determined for the large 
values of x. 

In this paper, temperature profiles for compressible liquids will be 
determined for the inlet region where the temperarure varies with z 
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and r, and the distance necessary to reach the steady profile will be de- 
termined. 
The energy equation is:' 


dT , ap 


=e — +kV*T + © 1) 
dee dé dé ( 
where ¢’ is 7 times the thermal expansion coefficient. 

In applying this equation to steady flow through a tube, a number 
of assumptions are made'—the most important being that the velocity 
profile is constant along the tube. With a stress—rate of strain curve 


given by: 
0u/Or = —Ar*-! (2) 


the following equations may be obtained :' 


u n+2 r\* ; 
Um n [! ne (F) (3) 





_ AR (- op" rat ‘ 
=a t+3\ as (4) 
n+2 r\* .. 

ee (Z) ©) 
W = —u,(dp/dz) (6) 


If the last five equations are combined with equation (1): 
n+2 [1 ie: (“yo _k& (SF +: a + os) + 
oo R) \dz ~ pep\dr?  r Or | daz? 


EGG) -(-GD] & 





It has been shown! that for flow in a long tube, after a sufficient time 
and distance have elapsed, the temperature profile becomes inde- 
pendent of z and is given by: 


T-T. ine Pon (1-[z[")- 
R 


«(-[e))] 





(Te — Todo n 2(n + 2)? 
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(T. — To is the difference between the center line temperature and 
the wall temperature when « is large and «’ = 0. It is given by: 


1 RW 


(Fe - T'w)o = 2(n + 2) k 


(9) 


Equation (7) can be put in dimensionless form by the following 
transformations: 


6 = (T — T,)/(T. — Two (10) 
Z=r/R (11) 

=m 6h nr 
XY = —— Np,)—' = —- (Ng,)—! 2 
n+2R' re) cas" (12) 

where: 
2RU,, Rtn 
Np, a Nor = — (13) 
a ar 


If conduction in the axial direction is neglected, equation (7) in re- 
duced coordinates is 


00 1 3 00 
= — = baal ; 2)27" — 
(1 Z”") dX Zaz (z 2) + (n + 2)*Z 


2 
g Mt wa — Zz) (14) 
n 
and equation (8) is: 


e - ee 
“ety n 2(n + 2)? 





(i — z"+% — . (1 — z | (15) 


Complete Adiabatic Flow: k = 0 


In the complete absence of conduction, the temperature in reduced 
coordinates is, from equation (14): 





o=+2| 7-22 ]x (16) 
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or: 


Ap[n 2Z" | 

T-T, = — \|-—— - ¢ 
oe F i—- wn 

At the center line Z = 0 and: 
9\2 
one BZ oz (18) 
n 
or: 

T. — Tw = —€'(Ap/ pcs) (19) 


where Ap is the pressure drop from the inlet to the point in question. 
This may be compared with the equation for the mean tempera- 
ture in an adiabatic tube, obtained by an over-all energy balance: 


Tn — To = (1 — €’)(Ap/pey) (20) 


The group (1 — e’)/p was assumed constant in the derivative of 
this equation. If the Spencer and Gilmore‘ equation of state for high 
polymers is used this assumption is correct.® 

Equation (18) or (19) predicts a decrease in temperature in the cen- 
ter of the tube and the results given below show that even when con- 
duction is taken into account this conclusion is correct for small values 
of X. The equations give the maximum decrease in temperature 
which can be obtained. The maximum increase in temperature from 
equation (16) or (17) is infinite. 


INLET REGION—ISOTHERMAL WALL 


In the real case where conduction is important, equation (14) must 
be solved with the appropriate boundary conditions. If we consider 
a fluid entering a tube whose ‘vall temperature is constant and equal 
to the entering fluid tempera‘ure we have: 


X=) 0=0 
Z=1, 0=0 (21) 
Z=0, 0/2Z=0 


The method of solution is similar to Bird’s* for an incompressible 
liquid in which the complete solution is assumed to be given by: 


09=6,+ O% (22) 











FLOW OF VISCOUS COMPRESSIBLE LIQUID 18] 


and 9, is the solution for X = , equation (15). The reduced tem- 
perature used here is four times the value used by Bird and following 
his procedure we substitute equation (22) into (14) and remove the 
heat generation and expansion terms. The resulting equation for 
0, is then identical with that obtained in the incompressible case and 
both solutions are of the same form: 


® = — DY Biy(Z)e* (23) 
i=1 


where ¢,(Z) and a, have the same values as in ‘he incompressible case 
and the B, are now given by: 


B, = 
, 1 
ote f (1 — Z")(1 — 2" +*)Zo(Z)dZ — 
nm 0 


2 2 1 
mer éf a 290 - 29Z¢(aaz 





7 (24) 
f gi(Z)Z(1 — Z")dZ 
0 


The complete solution obtained by adding 9, and 9, is: 


0 = te ae Et. 
n 2n 


_ 


U=- ie 


x Bioi(Z)e~"* (25) 


The first three values of B,, obtained from equation (24) for n = 3’ 
and Bird’s values for a; are given in Table I. The ¢;, for this case are 
tabulated by Bird.* 


TABLE I 
i a B; B,’ 
1 6.582 1.396 — 3.7766’ 3.776 
2 39.09 0.588 + 0.368¢’ —0.368 
3 99 .50 0.316 — 0.156’ 0.156 


The effect of expansion can be seen more clearly by separating the 
effect of expansion from that of heat generation: 
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9 2 9 ‘ 
0=0'-¢ | "+ Va-2-70-27+4~ 
2n n 


Bi eide-** | (26) 


r=1 
where 0’ is the value of 6 for an incompressible liquid and the B,’ are 
shown in Table I. The term in brackets is always positive and it 
rises from zero at X = 0 to its maximum value at X = ». The 
magnitude of the expansion term is directly proportional to e’. 
Figures 1, 2, and 3 show the reduced temperature profiles for «’ of 
0, 0.2, and 0.3, respectively, calculated from equation (25) with n = 3. 

















| 1 
0 2 4 & 8 1.0 


Z 
Fig. 1. Reduced temperature profiles, «’ = 0,n = 3. 


The center line temperature is given as a function of X in Figure 4 
with ¢’ as a parameter, and Figure 5 shows on an expanded scale the 
variation of temperature with X for various values of Z when e’ = 0.3. 


DISCUSSION 


The curves show that initially even for small values of ¢’ the fluid 
in the center of the tube cools since the expansion term is a maximum 
at this point while the heat generation term is zero. This decrease in 
the center line temperature approximately follows the adiabatic equa- 
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Fig. 2. Reduced temperature profiles, «’ = 0.2, n = 3. 








4 
2 
r) X=@/2/i 05, | 
0 FA 
-2e 
af | l j a. 
2 6 Lo 











Fig. 3. Reduced temperature profiles, e’ = 0.3, n = 3. 
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Fig. 4. Variation of reduced center line temperature with distance along tube, 


n=3,Z = 0. 


tion (equation 18) for small values of z as shown by the broken line in 
Figure 4 for «’ = 0.5, but eventually the large amount of heat gener- 
ated near the wall begins to make itself felt as heat is conducted in 
toward the center line. 

During the period in which cooling takes place in the center, the 
temperature out near the walls is only slightly affected by expansion 
since the expansion term is small and conduction inward is still small. 
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Fig. 5. Change of reduced temperature with distance along tube at varying 
radical distances, «’ = 0.3, n = 3. 























Fig. 6. Unaccomplished temperature change. 
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However, as X increases heat flows by conduction from the region near 
the wall toward the center line, causing the center line temperature to 
fall less rapidly than before or even to rise, and causing the tempera- 
ture near the wall to rise less rapidly than it would in the absence of 
expansion. As ¢’ increases the temperature at any value of Z and X 
decreases and for large enough values of «’ the conduction toward the 
center line is not great enough to return the temperature to its origi- 
nal value and the final center line temperature is less than the inlet 
temperature. 

When Figures 1 and 3 are compared at the same values of X it is 
found that the maximum temperature difference across the tube is 
somewhat greater for compressible flow than for incompressible flow 
up to values of X between 0.05 and 0.10, but at higher values of X the 
difference is reduced by the expansion. 

Many polymers have values of «’ in the range of 0.1 to 0.3. The 
stress—rate of strain curve of certain polyethylenes can be described 
by equation (2) with n = 3, the value used in calculating the above 
profiles. The value of e’ for polyethylene at 200°C. and atmospheric 
pressure is found to be 0.33 from Spencer and Gilmore’s equation of 
state.‘ At higher pressures the values will be somewhat lower than 
this. Although the above number cannot be taken too literally it 
would appear from Figure 4 that the reduced center line temperature 
for this polymer would lie close to the inlet temperature, and that the 
reduced temperature profiles would be close to those shown in Figure 
3. (The actual temperature differences can be large.) 

If the temperature changes are large enough to change significantly 
the stress—rate of strain curves, the above results can be modified ap- 
preciably. Tl'irst, as the temperature profile changes with increasing 
X, there will be a change in the velocity profile along the tube which 
will cause radial velocity components. These radial components 
will tend to flatten the temperature profile. Second, a change in the 
velocity profile will cause a change in all the terms in the energy 
equation, even in the absence of radial velocity components. 

Polystyrene has a lower value of e’ than polyethylene—0.20 at 
200°C. calculated from Spencer and Gilmore*—and a greater value of 
n, about 5. At X = ©, increasing n causes an increase in the effect 
of expansion,' 7.e., a decrease in @,. Thus, the temperature profiles for 
polystyrene would be expected to be of smaller magnitude than the 
profiles calculated here for this value of e’. 
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Bird* has compared his temperature calculations for an incompres- 
sible liquid to experimental flow curves for polyethylene by calculat- 
ing the flow which would result if the polymer had traveled through 
the entire tube with the final temperature profile. This procedure, 
which should overemphasize the temperature effect, appeared to 
yield too small an effect. If expansion is taken into account the tem- 
perature effect is decreased whether the wall is isothermal, as assumed 
above, or adiabatic, as may have been the case in the flow curves used 
by Bird. In either case the discrepancy between theory and experi- 
ment is apparently increased when expansion is taken into account. 
However, no positive conclusions can be drawn because of the lack of 
accurate physical property data. 


DISTANCE REQUIRED TO REACH STEADY PROFILE 


If a steady temperature profile can be reached and held for a major 
part of the tube length, the analysis of flow curves would be consider- 
ably simplified. Consequently, it is of interest to determine the dis- 
tance required to reach the steady profile. 

Figures 1 to 3 show that the difference between the temperature 
at any value of X and the steady profile at X = © is a maximum at 
the center line. Consequently, the center line temperatures in Figure 
4 can be used as a criterion for the distance needed to approach the 
steady profile. Most of the temperature change has taken place by 
the time X = 0.5, and Figure 6 gives the unaccomplished center line 
temperature change for values of X greater than 0.5 in terms of per 
cent of the maximum possible change, i.e., the change in 0, for an in- 
compressible liquid going from X = 0to X = o, 

Thus, if X, is the value of X which gives the desired approach to the 
steady profile, equation (12) yields for the distance needed to reach 


this value: 
x n+ 2 n+2 2 Ru», r 
(5) Tice XNp = on x, ( _ ) (27) 


Equation (27) is general, and follows from equation (14), but the 
calculated values of X, are true only form = 3. For other values of 
n, the values of X, for n = 3 should give a first approximation to the 
distance required to reach the steady profile, since the profile changes 
slowly for values of X, greater than 0.5. 
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It is interesting to compare equation (27) with the equation for the 
distance required to reach a steady velocity profile for an isothermal, 
Newtonian fluid entering a tube with a flat velocity profile. The 
equation is: 


(x/R), = CN ae (28) 


and the constant is approximately 0.015 for an approach to within 
2% of the steady profile.* 

Thus, the distance required to reach a steady temperature profile is 
given by an equation very similiar in form to that which gives the dis- 
tance required to reach a steady velocity profile, and the Peclet num- 
ber serves the same function in the temperature case as the Reynolds 
number does in the velocity case. Since: 


Np. = NaNp, (29) 


and since for very viscous liquids N g, is usually small and N p, is very 
large, the distance required to reach the steady velocity profile will be 
much less than the distance needed to reach the steady temperature 
profile (neglecting the effect of the changing temperature profile on 
the velocity profile). The ratio of the two distances, in fact, is merely 
a constant times the Prandtl number. 


EFFECT OF TUBE DIMENSIONS 


For rheological measurements the shear stress at the wall may be 
considered to be the major independent variable. If equation (27) 
is combined with (4) and the force balance: 


Te = —(dp/dx)(R/2) (30) 
then 
t, = ( x:) R*75~' (31) 
na 


so for any desired value of r, the distance required to reach the steady 
temperature profile is a minimum when R is a minimum. 

As the tube radius and length are varied, the pressure required to 
attain the desired shear stress also varies. If the actual length is 
Bz,, equations (30) and (31) give for the pressure drop: 


AP = (2BAX,/na)R*r, (32) 
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So again the inlet pressure required is minimized when R is min- 
imized. 

The third point to be considered is the effect of R on the steady tem- 
perature. If we consider the center line temperature given by equa- 
tion (8) with Z = 0 it can be shown that: 


( n+ *) 
Ali - ¢—— : 
i+ t= 2 28 (33) 


(n+2)% 


so that the steady temperature is also reduced by reducing the tube 
radius. 

The above calculations indicate that, for a fixed value of the shear 
stress, the smallest possible tube radius gives the minimum length to 
reach the steady profile, the minimum inlet pressure, and the mini- 
mum temperature gradient. Unfortunately, for a high shear stress 
the radius required to make this technique practical would be ex- 
tremely small, but for moderate shear stresses it appears to have possi- 
bilities. 

Another approach would be to attempt to minimize the temperature 
gradients at distances less than X,. To do this simply we approxi- 
mate the maximum reduced temperature by: 


Omar = 0.274X"3 (34) 
Omar is the maximum reduced temperature, obtained from Figure 2, 


where «’ = 0.2. The above equation is a rough approximation for 
values of X from 0 to avout 0.5. From equation (34) we obtain: 





.274(aA?)/4 ‘ 

Now the temperature gradients are minimized by decreasing R and 
z, but the effect of changing z is small and the effect of changing R is 
less than in the previous case. For high values of r,, operating at a 
minimum R and z is the only possibility, so that rheological data have 
to be interpreted for a system in which the temperature is varying in 
both the radial and the axial directions. 
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Synopsis 

The energy equation has been solved for the case of a compressible non-Newto- 
nian liquid entering a tube at temperature equal to the wall temperature. It is 
shown that the temperature in the center of the tube initially decreases with dis- 
tance due to expansion of the liquid while away from the center it increases with 
distance due to frictional heat generation. For most polymers the heat genera- 
tion eventually predominates and at some distance along the tube the center line 
temperature begins to rise. The increase continues until the steady temperature 
profile is reached. A simple equation is presented which gives the distance re- 
quired to closely approach the steady profile, and two different methods for ob- 
taining rheological data are considered. 





TRANSACTIONS OF THE SOCIETY OF RHEOLOGY VOL. I, 191-202 (1957) 


The Thermal Incline: A Means of Measuring 


Viscosities of Plastisols at Elevated Temperatures 


E. T. SEVERS* and J. M. AUSTIN, 
Bakelite Fellowship, Mellon Institute, Pittsburgh, Pa. 


INTRODUCTION 


Change in viscosity with temperature is an important factor in 
the formulation and application of many engineering materials. 
Usually, a rise in temperature produces a decrease in viscosity of the 
material. In the case of plastisols, which are fluid dispersions of a 
vinyl chloride resin in a plasticizer, raising the temperature decreases 
the viscosity of the plasticizer. However, this simultaneously in- 
creases the solvation of the resin by the plasticizer and, therefore, 
the viscosity of the mixture is increased. This makes possible the 
application of plastisols by dipping, slush molding, rotational casting, 
and roller and knife coating. In addition, plastisols may be foamed 
in the fluid state and gelled or fused by heat to preserve the applied 
shape. 

Although heating results in tremendous viscosity changes in plasti- 
sols, most flow data are based on room temperature measurements. 
The lack of data at elevated temperatures is a result of the experi- 
mental difficulties involved in obtaining them. 

Conventional methods of viscosity determination, such as rota- 
tional viscometers or extrusion rheometers at elevated temperatures, 
are difficult to use since the material often changes viscosity faster 
than measurements can be made. Furthermore, the viscosity is a 
first-order function of: the speed of rotation, or torque, of a rotational 
viscometer; and the applied pressure, or efflux rate, of the extrusion 
rheometer. This means that, for large viscosity changes, a series of 
bobs or orifices must be used to obtain satisfactory measurements. 


* Present address: Natvar Corporation, Woodbridge, N. J. 
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There is a need for some device that will rapidly measure the 
viscosity of heat-sensitive materials, such as plastisols, and at the 
same time have the measured variable of a higher ordered function of 
viscosity so that large viscosity ranges may be accommodated. 


APPARATUS 


Thermal gradient bars designed for melting point measurements 
have been used for determining the gel point of plastisols, and inclined 
pianes have been used to determine the fluidity of plastisols at a single 
temperature. Combination of these two instruments results in a 





WATER OUT 


Fig. 1. Thermal incline. 


thermal gradient inclined plane or thermal incline. The main part of 
the instrument is a plane plate of aluminum 30 inches long, 6 inches 
wide, and 0.5 inch thick as shown in Figure 1. Pivots support the 
plate at the center of each end, and one of the pivots is spring-loaded 
and retractable to provide for thermal expansion and removal of the 
bar from the frame. The small contact area of the pivot mounting 
also minimizes heat losses by conduction to the frame. The plate is 
heated at one end by two 150-watt strip heaters and cooled at the 
other end by the passage of water through a channel parallel to the 
end. 
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A 25 inch long tilting trough, made of aluminum angle bar with 
5/, by °/s inch inside dimensions, is supported by pivots at the upper side 
of the plate. One of the pivots is spring-loaded and retracts for re- 
moval of the trough, and the supports attaching the trough to the 
plate are insulated from the plate by Transite wallboard. 

The plate has scribed lines at 5-centimeter intervals along its 
length to facilitate the location of temperature determinations by 
means of a surface pyrometer. Temperature of the hot end is con- 
trolled by a variable transformer which supplies power to the strip 
heaters. 


PROCEDURE 


Operation of the thermal incline is illustrated by a test on a plasti- 
sol. The attainment of constant temperature is indicated by spot 
measurements of temperature at intervals of time and requires about 
30 to 40 minutes when starting with a cold plate. Once constant 
temperature has been obtained, subsequent runs may be made im- 
mediately. Aluminum foil, 1 mil thick, is placed on the upper sur- 
face of the plate using a dioctyl phthalate plasticizer as an undercoat 
to facilitate smoothing and eliminate an air film between the foil and 
plate. An extremely thin coating of plasticizer applied to the top of 
the foil by means of a cloth reduces surface tension effects which cause 
irregular profiles of flow. Temperatures at 10-centimeter intervals 
along the center line of the plate are recorded just prior to application 
of the plastisol and are later plotted versus distance, so that the tem- 
perature at any point along the plate may be obtained. The trough 
is not attached until use to prevent its heating by radiation. The 
trough is filled level full with plastisol, placed in position on its pivots, 
and tilted to discharge plastisol onto the plate. The plate may be 
at any desired angle but best results with plastisols have been ob- 
tained by keeping the plate horizontal for 120 seconds and then 
inclining at 15 degrees from horizontal for 10 seconds. The hori- 
zontal position allows time for heating the plastisol prior to flow. At 
the end of the 10-second period, the plate is quickly returned to a 
horizontal position, the foil supporting the plastisol is removed, and 
the plastisol is gelled with a heat lamp. The flow down various lines 
of the inclined plane is measured from the point of contact of the 
trough with the plate to the leading edge of the plastisol. The flow 
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in centimeters is plotted versus temperature of the surface of the plate 
at the line of flow. 


RESULTS USING PLASTISOLS 


The results of this procedure applied to a series of plastisols are 
shown in Figure 2. This indicates the effect on flow of various plasti- 
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COMPOSITION PHR 
BAKELITE Vinv. Resin OYNV 100 
\ PLasticizer 100 
A-26 
J WCLINE ANGLE 


o 120 seconns 
15° 10 Secowos 





PLASTICIZER Temp. OF Max. Flow, Des.C. 
FLEXOL A-26 47 
FLEXOL TOP 46 
FLEXOL DOP 50 
FLEXOL 776 50 
Sannicizer 160 47 
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Fig. 2. Effect of plasticizer on flow of plastisols. 
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cizers with 50% Bakelite vinyl resin QYNV present. At lower 
temperatures, the flow increases with temperature because the fluidity 
of the plasticizer is increased. However, solvation of the resin, 
which decreases the fluidity, soon overcomes the increase in fluidity 
of the plasticizer, and causes a maximum in the distance of flow. At 
higher temperatures, the plastisol is quickly gelled and little flow 
occurs. 

The temperature of maximum flow for the various plastisols did 
not vary as much as one might expect, and ranged from 42°C. for 
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Fig. 3. Effect of resin on flow of plastisols: 


Composition PHR 
Resin 100 
Santicizer 141 100 


Incline angle 0° for 120 seconds and 
15° for 10 seconds. 
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Fig. 4. Effect of form temperature on coating weight of plastisols: 


Composition PHR Form 
TS eT ae 100 l-inch diam. test tubes, water- 
Santicizer 141 ........ 100 filled 


Santicizer plasticizer 141 to 50°C. for Flexo] plasticizers DOP and 
77G. There were more marked differences in the distance of flow at 
the maximum temperature. Most of these differences are due to 
differences in the viscosity of the plasticizer. If the height of all the 
curves were changed so that they coincided at a lower temperature— 
for instance, 40°C.—there would be smaller differences in the maxima. 

The utility of these flow tests is apparent in several ways. Plasti- 
cizers producing low maxima and lower temperatures of gelation are 
desirable for reducing tearing during dip-coating. Conversely, 
plasticizers with high maxima and high temperatures of gelation pro- 
mote viscosity stability at slightly elevated temperatures and in- 
crease flow-out after application. Plastisols requiring a change in 
formulation and maintenance of flow properties through a range of 
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temperature should not have substitution of plasticizers on a weight- 
for-weight basis but on the basis of contribution to flow properties. 
For example, substitution of Flexol plasticizer TOF for DOP could 
be accompanied by the addition of some Flexol plasticizer 77G to off- 
set the increased fluidity of the TOF. If film properties are not 
critical, the amount of TOF could be reduced when replacing DOP. 

The effect of using different vinyl chloride resins on the flow of 
plastisols is shown by Figure 3. Two experimental resins are com- 
pared in a plastisol formulation containing Santicizer plasticizer 
141. The resin A plastisol has greater flow and a higher temperature 
of maximum flow. 

These data were compared with dipping properties by the following 
experiment. Test tubes 1 inch in diameter were filled with water to 
increase the heat capacity, and were preheated at various tempera- 
tures to simulate the procedure used in dipcoating. These tubes 
were dipped into the plastisol, slowly withdrawn, and plunged 
into a glycerin bath at 350°F. until the coating was fused. After 
cooling, the coating was removed and weighed. Temperatures were 
obtained with a thermometer immersed in the test tube during dipping 
and are shown plotted versus coating weight in Figure 4. 

Comparison of these dipping tests with the data of Figure 3 indi- 
cates that the coating weight decreased as the fluidity increased to a 
maximum. After the maximum fluidity was exceeded, the coating 
weight increased as the fluidity decreased. The location of the 
maximum fluidities and minimum coating weights are compared in 
Table I. 


TABLE I 
Min. 
coating Max. 
Resin wt. flow 
re rile a aie Ns ia 45°C. 45°C. 
iiicninntansanamwes 36°C. 37°C. 


The temperature of maximum flow determined by the thermal in- 
cline predicted the temperature at which minimum coating weight 
occurred in dipping. Furthermore, there was qualitative agreement 
between the distance of flow-out and the coating weight. The resin A 
plastisol, having the greater flow, produced the lesser coating weight. 
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These results demonstrate the importance of selecting the proper 
preheat temperature in dipping operation. Too low a preheat tem- 
perature will allow a temporary increase in fluidity during the fusion 
cycle as the plastisol is heated through its maximum fluidity, and the 
increased flow will result in tears. However, in some cases a small 
amount of increased flow may be desirable to improve gloss by flow- 
out. 

The data obtained by using the foregoing method are useful as 
formulating and control testing, but it is often desirable to obtain flow 
information in a more fundamental form. It is also important, even 
when obtaining empirical data, to know the fundamentals underlying 
the procedure. 


THEORETICAL CONSIDERATIONS 


Consider the flow of a unit width of liquid down an inclined plane. 
Let z be the axis normal to the plane and x be the axis down the 
plane in the direction of flow. Then, according to Lamb,' 


n (0°u/O0z?) = —pg sin a (1) 


where 7 = viscosity, u = velocity, z = distance on axis normal to 
plane, p = density, g = acceleration of gravity, and a = angle be- 
tween plane and horizontal. 

When z = 0, u = O and when z = h, u = U, where h is the depth of 
liquid norme! to the plane and U is the maximum velocity. Solving 
equation (1) for u, determining U by setting du/dz = 0, integrating 
equation (1) between the boundaries, and substituting for U, we ob- 


tain: 

A h® pg sin 

f udz = ~ = (2) 
0 3n 


The left-hand side is the volumetric flow rate per unit width and 
equals ih where @ is the average velocity in the profile of flow. 
Substituting and rearranging. 


ai = di/dt = (h’pg sin a)/3n (3) 


where £ = average distance down plane and ¢ = time. 
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If the assume that the thickness of the liquid at any given time is 
uniform down the plane, then the volume per unit width: 


V = h2 (4) 
Substituting (4) into (3) we obtain: 
n = (V2pg sin a dl) /3n#*dt (5) 
which for small differences is: 


V*pg sin @ (tg — t) 


7 = ey ee 6) 
, | + 2,*) (% — a 
3n 
8 
If we integrate (5) we obtain: 
9 = [V2pg sin a (te ns ty) | (#-* = #,*) (7) 
Equations (6) and (7) produce equivalent results when # — 2, is 


small compared to %;. For instance, when 2 — 2, is 20% of # the 
viscosities calculated by the two equations differ only by 1.6%. 

Examination of (7) indicates that the viscosity of the liquid is in- 
versely proportional to the cube of the velocity of flow down the 
plane. This means that liquids having a wide range of viscosities 
may be studied under the same set of experimental conditions without 
flowing beyond the edge of the incline. 


Results Using Newtonian Liquid 


The equations for flow down the incline were tested as follows: 
The procedure was similar to that employed previously for plastisols 
except that photography was used to record the distance of flow down 
the incline and at the same time record the time by a stopwatch in the 
field of view. Multiple exposures were made on the same film which 
was parallel to the plane of the incline. The test liquid was UCON 
Brand 50HB44,500 (Experimental), a viscous, polyalkylene glycol, 
Newtonian liquid of good thermal stability. Viscosity determina- 
tions were made on this lubricant using a modified Ostwald vis- 
cometer of the Cannon-Fenske type. The data are shown in Table II. 
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TABLE II 


Thermal Incline Data—Ucon Lubricant 


Distance of flow, cm. 


Temp., Density, 23.1 47.0 
°C. g./em.* sec. sec. 
32 1.062 4.12 4.85 
38 1.057 4.40 5.26 
Ad 1.053 4.45 5.48 
51 1.043 4.66 6.04 
58 1.038 5.21 6.46 
66 1.032 5.61 7.07 
74 1.027 6.48 8.16 
82 1.020 7.29 9.15 
91 1.013 8.29 10.50 
100 1.006 9.70 12.12 


Volume of material discharged per unit width of trough = 1.015 em.*/em. 
Sin a = 0.282. 


TABLE III 
Capillary Viscometer Data 


Temp., Viscosity, 
°C. poises 
37.8 101.1 
54.4 50.8 
98.9 14.24 


Using these data in equation (6), viscosities were calculated at 
various temperatures and are shown by Figure 5. Calculation by 
equation (5) gave almost identical results since the differences in flow 
distance were small compared to total flow distance. Viscosities were 
obtained using the capillary viscometer and plotted in Figure 5 for 
comparison. 

The lines obtained by the two methods are skewed, with the 
thermal incline data producing lower viscosities at high temperature 
and higher viscosities at low temperatures. The point of intersection 
is at 60°C., which was at the center line of the liquid flowing down the 
incline. As the liquid flows, the height decreases, with the hotter and 
more fluid liquid at one end of the incline decreasing in height faster 
than the more viscous liquid on the cold end of the incline. This 
creates a difference in height between the cold and hot ends and it is 
possible for liquid to flow to the hot end at the expense of the cold end. 
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This could increase the apparent viscosity at the cold end and decrease 
the apparent viscosity at the hot end since the equations used assume 
no flow across the incline. The skewing of the lines could be caused 
by such a flow. 
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Fig. 5. Viscosity of Ucon lubricant. 


Considering the assumption of a rectangular profile down the in- 
cline, the agreement between the two methods of viscosity determina- 
tion is considered good and justifies the statement that the viscosity is 
at least roughly inversely proportional to the cube of the distance of 
flow. 


CONCLUSIONS 


These experiments have demonstrated that the two things sought 
for in an instrument for measuring the viscosity of plastisols over a 
wide range of temperatures have been achieved. First, use of the 
thermal incline is rapid, requiring less than three minutes from the 
dumping of the trough to the end of flow. Second, the measured 
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variable, distance, is a higher order function of the viscosity which 
permits a wide range of viscosities to be measured at one time. If 
the limits of the incline are exceeded, it is simple to change the angle 
or decrease the volume of liquid applied. One other advantage in the 
case of plastisols is that the flow pattern may be preserved by gelation 
to form a permanent record. 

Although the thermal incline was developed for evaluating plasti- 
sols, it could also be used for other heat-sensitive fluid polymers, such 
as polyester resins. An improved version is being manufactured by 
Castor Engineering Company, Carnegie, Pa. 


Mathematical advice and the assistance of Mr. Louis Zapas is acknowledged 
by the author. The experiments on coating weight determinations were per- 
formed by Mr. R. D. Swain. 
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Synopsis 

The thermal incline is an inclined plane with a thermal gradient perpendicular 
to the line of flow, enabling a continuous measurement of fluidity through a wide 
range of temperatures. Data are presented showing the effect of formulation 
on the flow of vinyl chloride resin plastisols and how these data may be used to 
predict the temperature of minimum coating weight of dipped objects. Vis- 
cosities of a Ucon (polyalkylene glycol) lubricant obtained using the thermal 
incline agree reasonably well with viscosities obtained from capillary viscometer 
data. 
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Capillary Flow of Molten Polyethylene—A Photo- 
graphic Study of Melt Fracture 


J. P. TORDELLA, Polychemicals Department, E. I. du Pont de 
Nemours & Company, Inc., du Pont Experimental Station, Wilming- 
ton, Del. 


I. INTRODUCTION 


In the flow of amorphous or molten polymers through capillaries, a 
rather striking phenomenon occurs.'~* At and above a critical flow 
rate or pressure, the surface and cross-section of the extruded polymer 
become irregular. The cross-section of the extruded polymer no 
longer resembles the cross-section of the capillary or die through 
which it was extruded. The lower four specimens in Figure 1 illus- 
trate the effect. The magnitude of the nominal shear rate at which 
this phenomenon occurs varies with the polymer, its molecular 
weight, the extrusion temperature, and the shape of the inlet to the 
capillary. 

The cause of the irregularly shaped extrudates has been the sub- 
ject of previous studies. In one of these,' it was conciuded that the 
cause of the irregularity was fracture or rupture of the molten polymer 
in the vicinity of the capillary inlet. This conclusion was based 
largely on the flow behavior of several unusual specimens. The 
pertinent observations were (a) clearly audible tearing noise during 
flow, (b) specimens whose surfaces were irregular to the extent of being 
jagged and even discontinuous, (c) indications that flow in the capil- 
lary inlets was not axially symmetric. 

In this study, flow of polyethylene in the inlet regions of capi''aries 
was observed directly in glass apparatus. The purpose of the work 
was to provide a basis for judging the validity of the hypothesis that 
fracture or rupture occurring in capillary inlets may cause irregularly 
shaped extrudates. 
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Il. EXPERIMENTAL 
(a) Apparatus 


The experiments were carried out using a capillary viscometer de- 
signed for study of molten polymers. This instrument, described in 
greater detail elsewhere,’ consisted of a heated metal cylinder to 
which metal capillaries could be attached and within which a piston 
was driven by a pneumatic cylinder. For the experiments described 









SHEAR STRESS 
(D/Cm2) 


2.6 x 10° 


Fig. 1. Polymethyl methacrylate specimens extruded at 170°C. 


herein, the steel capillary was replaced by a | in. diameter, commercial, 
glass to metal seal. The arrangement is shown schematically in Fig- 
ure 2. The glass to metal seal (D) was essentially an extension of the 
rheometer cylinder. At the bottom of the glass section, which was 
about '/: in. I.D., a capillary about '/,. in. in diameter was formed. 
The sleeve or bushing (B), hard soldered to the glass to metal seal, and 
the lock nut (C) provided mechanical connections to the rheometer 
cylinder (A). An air thermostat (E), constructed of glass tubing, 
was used to maintain the glass to metal cylinder and capillary at the 
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temperature of the rheometer cylinder. This arrangement provided 
a means of observing flow of the molten polyethylene in the inlet re- 
gion of a capillary. (The glass to metal seals were capable of sus- 
taining pressures as large as 1,000 p.s.i. repeatedly for times at least as 
long as '/. minute.) For convenience, the glass tube will be referred 
to as the cylinder, and the region of this cylinder just above the capil- 
lary, as the capillary inlet or inlet. The contour of the inlets was 
quite flat, approximately as indicated in Figure 2. 
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Fig. 2. Diagram of capillary rheometer assembly. 





























The polymer used was a commercial, high pressure, polyethylene 
characterized by a density of 0.914 d®? (specimen annealed '/, hr. at 
100°C. prior to density determination) and a melt index (ASTM D- 
1238-52T) of 1.7. The particle size of the sample was in the range 10 
to 100 mesh. The temperature of the molten polymer was 125°C. 
except as noted. 

Molten polyethylene is clear and colorless. Its refractive index is 
not much different from that of glass. As a result, the polymer- 
glass interface was not readily apparent. Likewise, flow of the poly- 
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mer was not visible except from the velocity of the extrudate. To 
provide an indication of flow, small particles of carbon filled poly- 
ethylene were added. The particles, which were about 25-50 mesh 
in size, constituted about '/2x2»% of the volume of the sample. Two 
carbon black filled compositions were used. Of these, one was 
“hard’’; it contained about 25% carbon and its viscosity was about 
eightfold larger than that of the matrix of natural polyethylene. 
The other black composition was “soft’’ by comparison; it contained 
about 1% carbon and its flow properties were almost identical to 
those of the matrix polymer. 

Results were recorded photographically. The glass apparatus was 
back-lighted by diffused light. A standard motion picture camera 
capable of speeds from 8 to 64 frames per second was used except for 
one sequence, which was made with a high speed camera at about 600 
frames/second. 


(b) Results 


With Hard Black Tracer Particles. Flow of compositions contain- 
ing the hard black tracer particles was observed at flow rates below 
and above the critical rate at which the extrudates became irregular. 
At flow rates below the critical rate, the black particles moved 
smoothly down the cylinder, accelerated in the inlet region, and 
flowed out the capillary. The flow appeared laminar; the particles 
near the axis of the cylinder moved faster than those near the pe- 
riphery. Flow in both the cylinder and inlet appeared axially sym- 
metric. 

There were two features of possible interest in the flow at rates be- 
low the critical rate. First, the net change in size of the hard black 
particles was small. Although the amount of deformation of these 
particles in the inlet region was 100 to 300%, the particles sub- 
stantially recovered to their initial size after emerging from the 
capillary. 

The second additional feature was the formation of a gradual 
streamlined inlet of molten polymer just above the glass inlet. This 
inlet was indicated by the configuration of the two hard black particles 
in the inlet region in Figure 3. The polymer in the volume between 
the streaks and the wall of the glass cylinder appeared to be trapped. 
This was obvious in another experiment carried out at 250°C. Sev- 
eral black particles occurred in the volume of polymer near the glass 
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inlet. As shown in Figure 4, these particles (and the matrix polymer 
as well) circulated but did not flow out. At the interface between the 
polymer inlet and the flowing stream, the particles and the associated 
matrix polymer flowed toward the capillary. However, near the 
capillary the trapped polymer flowed away from the capillary, up the 
cylinder, and then down again near the interface. 

At the onset of the phenomenon of melt fracture when the ex- 
trudates became irregular, the flow pattern in the inlet region under- 
went a marked change. Flow in this region was neither axially 
symmetric nor stable. The black particles did not move toward the 
capillary continuously. Rather a given particle (and, presumably, 





Fig. 3. Elongated black particles which indicate formation of polymer inlet. 


the volume of matrix polymer immediately surrounding it) advanced, 
paused, and then retreated. At the time one particle retreated, an- 
other or other particles advanced. The rather unusual case of a “see- 
saw” mode of flow with a net positive flow toward the capillary is 
illustrated in Figure 5. These axially unsymmetric and irregular flow 
effects, which began at the flow rate at which the extrudate became 
irregular, increased in degree and rate with further increase in flow 
rate. 

Effects similar to those described above were observed at 190 and 
250°C. While the net flow was faster, the magnitude of the irregular 
flow effects did not appear to decrease at the higher temperatures. 
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With Soft Black Tracer Particles. The flow behavior of the soft 
black tracer particles was substantially the same as that of the 
matrix, natural resin. As a result, in the laminar flow region in the 
cylinder, the soft tracer particles deformed into long black streaks. 
These streaks provided a more continuous indication of the mode of 
flow in the inlet region than that provided by the hard tracer par- 
ticles. 


| . t Pie 
fL (1 ‘e Af s () (y e) 


Fig. 4. ema an se eer circulation of black particles 
trapped in polymer inlet. The numbers on the photographs identify individual 
particles. The numbers below the photographs refer to the position of the in- 
dividual photograph in the sequence made at 8 frames per second. 
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Fig. 5. Sequence showing “see-saw’’ motion of two aaa particles toward 
capillary. The numbers on the photograph identify individual particles; those 
under the photograph refer to the position in the sequence made at 32 frames 
per second. 


At rates below the critical rate, regular, stable flow occurred. The 
streaks converged and elongated sharply in the inlet region, but re- 
mained continuous and separate in the inlet, in the capillary, and in 
the extrudate. At rates above the critical rate, flow in the inlet re- 
gion was neither symmetric nor stable. As a result, the stretched-out 
black particles were discontinuous in the extrudates. 

Characteristic flow behavior in the inlet is illustrated in a sequence 
of photographs in Figure 6. Cessation of flow into the capillary of 
one streak is shown. The first photograph illustrates the normal ap- 
pearance of the streak during its flow into and through the capillary. 
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In the following three frames, successively '/¢00 sec. later, that part of 
the streak in the capillary became successively thinner till, in the 
fifth frame, it had disappeared. From then on through the twenty- 
fifth frame, the end of the streak drew up from the capillary. The 
complete cycle for this streak, flow, cessation, and retraction oc- 
curred over several hundred frames. 

It appeared from photographs of the type shown in Figure 6 that 
flow of a given streak into the capillary suddenly ceased. That part 
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Fig. 6. Photographs of flow of polyethylene containing soft, black particles. 
Cessation of flow of the marked streak in the first photograph shown schemati- 
cally. Numbers under photographs indicate position of frame in sequence made 
at 600 frames per second. 
































of the streak remaining within the capillary was subsequently carried 
through by polymer entering from another part of the inlet region. 
The site of the phenomenon was very close to the beginning of the 
capillary where the shear stress and shear rates presumably ap- 
proach the maximum of the system. 


Ill. DISCUSSION 


Conclusions of earlier work that the occurrence of extrudates of ir- 
regular shape was accompanied by irregular flow in the capillary melt 
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were clearly demonstrated. The cause of the irregular flow was not 
visible. It appears appropriate, therefore, to reconsider the hypothe- 
sis that the cause is fracture or rupture of the molten polymer. 

Onset of Reynolds’ turbulence is a possible explanation of the 
phenomenon. However, this is unlikely since (a) the magnitude of 
the Reynolds numbers at onset of the phenomenon is very small and 
(b) the dependence of the critical flow rate on viscosity and capillary 
radius predicted by the Reynolds criterion does not obtain. 

The Reynolds equation is usually written in terms of the mean 
velocity of the liquid in the tube. For the present purposes, it is con- 
venient to express the mean velocity in terms of the flow rate: 


R. = VpR/n = (Q/Rn)(0/ 2) 


where #, is the Reynolds number, V the mean velocity, p the density, 
R the capillary radius, 7 the viscosity, and Q the flow rate, which is 
Vrk*. Calculated values of the Reynolds number are given in 
Table 1. These values are several to many orders of magnitude 
smaller than the critical value of 1000 and 1500. These very low 
values of the Reynolds number preclude the onset of Reynolds’ 
turbulence. The Reynolds number involves the ratio of inertial to 
viscous dissipation of energy. The inertial storage of energy at the 
flow rates at onset of the phenomenon for polytetrafluoroethylene, 
for instance, is so small that it is negligible. 

The Reynolds turbulence criterion predicts a linear dependence of 
the critical flow rate on viscosity and capillary radius. Neither is ob- 
served. The critical flow rate is an inverse function of viscosity (ef. 
Table I and references 1 and 2).. The critical flow rate varies as the 
third power of the radius'~* rather than as the first power. 

The applicability of the melt fracture or rupture hypothesis to the 
unsteady flow phenomenon appears to depend on whether such a 
mechanism would require formation of visible voids. Formation of 
voids is not necessary. While tensile fracture might be expected to 
result in voids, no such restriction is necessary for the case of shear 
fracture. The only requirement is that there be a shear surface across 
which the liquid structure is weakened or ruptured. The stress con- 
centrations at the extremities could easily cause the rupture to propa- 
gate to such a size that a macroscopic flow disturbance would result. 
Void formation is neither necessary in shear failure nor probable in 
capillary inlets in view of the large hydrostatic pressure in that region. 
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The experiments described herein did not prove that a shear failure 
mechanism is involved. They did demonstrate that irregular, un- 
steady flow effects of a type which would be expected to accompany 
shear failure do occur. Strong support of the rupture or fracture 
mechanism is to be found in the tearing noises sometimes audible 
during extrusion and the occurrence of jagged and discontinuous ex- 
trudates. In view of the combined evidence, it was concluded that 
shear fracture of rupture does occur in capillary inlets at and above a 
critica) shear rate, and that irregular, unsteady flow results. Strain 
recovery at the outlet of the capillary, partially reproduces these ir- 
regular flow effects. Extrudates of irregular shape are the result. 
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Proposed Nomenclature for Linear Viscoelastic 


Behavior* 


HERBERT LEADERMAN, National Bureau of Standards, 
Washington 25, D. C. 


I. INTRODUCTION 


A systematic standardized nomenclature is very desirable to 
facilitate communication among physicists working in the same 
field or in associated fields; such a nomenclature gives names and 
symbols to measurable related quantities. After the fundamentals 
of a branch of physics are fairly well established, it is then possible 
to draw up a logical complete nomenclature system. Unfortunately, 
by that time the field is usually burdened with several systems which 
are not generally accepted and which are not completely logical; 
these systems may or may not be related to nomenclature systems 
in associated branches of physics. 

Ideal nomenclature systems which are prepared subsequent to the 
understanding of the relationships between measurable quantities in a 
branch of physics are often proposed. They may represent radical 
departures from more or less established usage; under these circum- 
stances the proposals do not gain general acceptance. A practical 
improvement on a haphazard nonstandardized nomenclature can 
only be gained by adhering as closely as possible to existing usage. 
In this report an attempt has been made to devise a nomenclature 
following this principle. 

When certain materials are deformed such that the stored elastic 
energy and the rate of dissipation of mechz.nical energy are sufficiently 
small, then the mechanical behavior of tl.ese materials approximates 
to the idealized behavior known as linear viscoelastic behavior, which 
may be defined in general by equations such as (1) and (2) given 

* This is the final report of the Committee on Nomenclature of the Society of 
Rheology. 
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below. This report deals with a proposed nomenclature for primary 
measurable quantities and for related quantities applicable to iso- 
tropic materials manifesting (approximate) linear viscoelastic be- 
havior. While this nomenclature is planned primarily in order to 
systematize the somewhat extensive literature on the behavior of 
amorphous polymeric systems, it is also adaptable, perhaps with 
some modifications, to other materials such as inorganic glasses and 
metals. The proposed nomenclature is given in Table II, which con- 
tains primary measurable quantities. In Table III are given certain 
auxiliary quantities, namely, limiting values and spectra. No at- 
tempt has been made to make this nomenclature consistent with the 
nomenclature for dielectric behavior, since in practice only one of 
the four primary methods of presenting data considered in this re- 
port is used in the specification of dielectric behavior. Further- 
more, no attempt has been made to prepare a complete system of no- 
menclature. For materials manifesting linear viscoelastic behavior, 
many different methods of specifying behavior are possible; in the 
present proposed nomenclature a minimum number of measurable 
and related quantities are defined. The text of this report gives the 
basis for the nomenclature, and some of the relations between the 
quantities specified in Tables II and III. For the reasons given 
above, generally accepted usage has been followed as much as pos- 
sible. 


Il. STEP-FUNCTION AND DYNAMIC MODULI 
AND COMPLIANCES 


The linear viscoelastic behavior of a material (at a given tempera- 
ture) is generally specified by the response of the material in certain 
types of experiment. While any reasonable type of experiment is 
theoretically acceptable, in practice four types of experiment are 
customarily considered for the specification of viscoelastic behavior. 
Linear viscoelastic behavior may be specified in general by either 
of the equivalent relations: 


e(t) -f EO du (1) 
a ae 


o(t) = f SS ~<a te (2) 
cen. 
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where ¢(¢) is a strain and o(¢) is a stress at time ¢, and k(t) and m/(t) 
are time-dependent functions of the dimensions, respectively, of 
compliance and modulus; these functions represent the viscoelastic 
properties of the material. It is seen that, if a wnit stress is applied 
instantaneously, that is, stepwise (and maintained constant there- 
after), then the strain at time ¢ is given by k(t). Similarly, if a unit 
strain is applied stepwise at zero time, then the stress at time ¢ is 
m(t). The functions k(t) and m(t) define, respectively, the creep com- 
pliance and relaxation modulus functions. 

From equation (1) it can be shown that if the stress is varying 
sinusoidally with time with circular frequency w, then in the steady 
state the strain varies sinusoidally with time, and the amplitude of the 
strain is proportional to the amplitude of the stress. In general, the 
strain differs in phase from the stress, so under these conditions the 
ratio of stra:n to stress can be represented by a frequency-dependent 
complex compiiance k*(w). Thus the complex compliance represents 
in phase and amplitude the strain response, as a function of fre- 
quency, to a sinusoidal stress of unit amplitude. Similarly, if the 
stress is varying sinusoidally with time, then from equation (2) it can 
be shown that the ratio of stress to strain can be represented by a 
frequency-dependent complex modulus m*(w). 


TABLE I 
Symbols and Terminology for Modulus and Compliance 
Type of Modu- Com- 
deformation Remarks lus, m __ pliance, k 
Shear G J 
Bulk (volume) K B 
Longitudinal (a) No transverse stress. Strain E D 
measured longitudinally 
Longitudinal (b) No transverse strain. Stress M (N) 
measured longitudinally 
Longitudinal (c) No transverse stress. Strain 
measured laterally 
Longitudinal (d) No transverse strain. Stress (A) 


measured laterally 


The above time- or frequency-dependent moduli and compliances 
are related to the moduli and compliances of classical elasticity 
theory. These are given in Table I. It is seen from the table that 
there are four cross-measures, involving a transverse strain (or stress) 
and a longitudinal stress (or strain); one of these is the Lamé con- 
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stant A. These four measures seem to be of limited use in representa- 
tion of viscoelastic behavior, and will not be considered further. 
The compliance N has not yet been used in viscoelasticity; it is in- 
troduced here for completeness. 


Ill. RELATIONS BETWEEN STEP-FUNCTION MODULI 
AND COMPLIANCES 


In this report definitions are proposed for three creep compliances, 
namely, the shear creep compliance J(t), the bulk (or volume) creep 
compliance B(t), and the longitudinal creep compliance D(t). The 
corresponding relaxation moduli are denoted by G(t), K(t), and E(t). 
The relations between the moduli and compliances of classical elas- 
ticity theory are analogous to the relations between the Carson 
transforms of the time-dependent step-function moduli and com- 
pliances given above, where the Carson transform of a creep com- 
pliance k(t) is given by: 


rf e~™ k(t) dt = p£{k(t)} 
0 


and similarly for the Carson transform of a relaxation modulus. 
Thus, for example, the relation between a creep compliance k(t) and 
its associated relaxation modulus m(¢) is given by: 


pL {k(t)} = 1/pL{mi(t)} 


IV. METHODS OF REPRESENTATION OF DYNAMIC 
BEHAVIOR 


Dynamic behavior refers to the response of a material manifesting 
linear viscoelasticity when the stress and strain vary sinusoidally 
with time. The strain can be considered as consisting of two com- 
ponents, one in phase with the stress and the other lagging 90°. The 
ratio of the amplitude of the former component to the amplitude of 
the stress is the storage compliance, k’(w). The ratio of the amplitude 
of the latter component to the amplitude of the stress is the loss 
compliance, k"(w). Alternatively, the stress can be considered as 
consisting of two components, one in phase with the strain, and the 
other leading by 90°. The ratio of the amplitude of the former com- 
ponent to the amplitude of the strain is the storage modulus, m’(w); 
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the ratio of the amplitude of the latter component to the amplitude 
of the strain is the loss modulus, m"(w). Thus in general: 


k*(w) = k’(w) — jk"(w) (3) 
and: 


m*(w) = m'(w) + jk"(w) (4) 
The absolute modulus, |m(w)|, is given by: 

|m(w)| = [m’2(w) + m”*(w))'” (5) 

and the absolute compliance, |k(w)|, is given by: 
|k(w)| = [k’2(w) + k”2(w)]'” (6) 

The loss tangent or damping, tan 4, is given by: 
tan 6 = m"(w)/m'(w) = k"\w)/k’(w) (7) 
The quantity m”(w) /w has the dimensions of viscosity and is generally 


called the dynamic viscosity, n'(w). 


TABLE II 
Primary Measurable Quantities 
Type of deformation 
Longi- Longi- 
tudinal (a) tudinal (b) 
(no lateral (no lateral 


Quantity Shear Bulk stress ) strain) 
Creep compliance J(t) B(t) D(t) 
Relaxation modulus H(t) K(t) E(t) 
Storage compliance J'(w) B"(w) D'(w) 
Loss compliance J"(w) B"(w) D"(w) 
Storage modulus 7'(w) K'(w) E(w) M"(w) 
Loss modulus 7"(w) K"(w) E"(w) M"(w) 
Complex compliance J*(w) B*(w) D*(w) 
Complex modulus G*(w) K*(w) E*(w) M*(w) 
Absolute compliance \J (w)} |B(w)| | D(w) 
Absolute modulus \G(w)| |K(w)| |E(w)| M(w)| 
Loss tangent (damping) tan 6, tan 6, tan 4, tan 5, 
Dynamic viscosity n.'(w) ny’ (w) m'(w) np (w) 


In principle, six moduli and compliances can be defined (compare 
Table I). In practice, three compliances and four moduli are suf- 
ficient. The three comp!ex compliances are thus the complex shear com- 
pliance, J*(w), the complex buik compliance, B*(w), and the complex lon- 
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gitudinal compliance, D*(w). The four moduli are, respectively, G*(w), 
K*(w), E*(w), and M*(w). Therelations between the complex moduli 
and compliances are the same as those existing between the corre- 
sponding moduli and compliances of classical elasticity theory. 
When necessary, values of tan 6 and n’(w) corresponding to different 
moduli may be distinguished by subscripts, thus tan 4,, tan 4,, 
tan 4;, and tan 4, represent the loss tangents associated, respectively, 
with G*(w), K*(w), E*(w), and M*(w). Similarly, the corresponding 
dynamic viscosities may be denoted by 7,'(w), 1,’(w), m:‘(w), and 
Np (w). 

The behavior of a material in step-function or dynamic tests can 
thus be expressed in terms of the primary measurable quantities 
given in Table IT. 


Vv. LIMITING VALUES 


In principle, certain limiting values exist, corresponding to zero 
and infinite time in step-function experiments, and zero and infinite 
frequency in dynamic experiments. These limiting values are de- 
fined as follows: 


k, = lim k® = lim k’‘(@) 
t—- 0 om @ 
m, = lim m(t) = lim m’‘(w) > (8) 
i—- 0 wom © | 
k, = 1/m, 


The quantities k, and m, are called, respectively, the glass compliance 
and glass modulus. The quantity defined usually by: 


1/n = lim | dk(t) dt} 
i—_ @ 


9 
7 = lim n’(w) ( 


w—~d0 


is called the viscosity. Similarly, the quantities k, and m, are defined 
by the relations: 


k, = lim {k(®) — t/n} = lim: k’(w) 


i—> @ w—>0 
m, = lim m(t) = lim m’‘(w) > (10) 
i—> @ wo—-QO | 


ke=1/m ifn = @ } 
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The quantity k, may be called the equilibrium compliance for a 
crosslinked material, for which the viscosity is infinite; otherwise, it 
may be called the steady-state elastic compliance. The quantity m, 
differs from zero only when the viscosity is infinite, in which case it 
may be called the equilibrium modulus. In practice these limiting 
values may be experimentally inaccessible; or they may not be de- 
terminable experimentally. 


VI. EQUIVALENT CONTINUOUS SPECTRA 


The creep compliances are related to the complex compliances, 
and the relaxation moduli are related to the complex moduli through 
retardation and relaxation spectra, respectively. These spectra may 
be in principle discrete, continuous, or mixed. Molecular theories of 
viscoelasticity of amorphous polymers lead to discrete spectra. Since 
it is not possible to obtain these from experimental] data, it is custom- 
ary to obtain from experimental data the equivalent continuous 
spectra defined below. 

The retardation spectrum L(t) is defined by the relationships: 


ki) —k,-—t =f (l—e~"")L(r) dinr | 


. L 
k’(w) — k, = J a aa In r > (11) 
wtL(r) | 
k"(w) — 1/on = haan dinr 
—_ wr? 


and the relaxation spectrum H(t) is defined by the relationships: 


m(t) — m, = J e"H(r) diner 


m'(w) — m, = § ae dinr } (12) 
-@ oT” 
° E 
m"(w) = f oe. din r 
~@ oT 


When necessary, the retardation and relaxation spectra for shear and 
for bulk deformation can be distinguished by subscripts, thus we may 
write H,(t) and L,(t) for shear, and H,(t) and L,(t) for bulk (volume) 
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deformation. The terms relaxation spectrum and retardation spectrum 
refer to the function over the range of values of ¢ from zero to infinity. 
The value of H(t) at a specified value of t may be termed the spectral 
strength at time ¢t. The auxiliary quantities, namely, the limiting 
values and spectra, are listed in Table III. It will be noticed that 
in this table the viscosity is characterized by a suffix when it is re- 
quired to distinguish between the longitudinal and shear viscosities; 
the bulk viscosity of course does not exist. 


TABLE Ill 
Auxiliary Quantities 
Type of deformation 


Longitudinal] 
(no trans- 

Quantity Shear Bulk verse stress ) 
Glass compliance Jo B, Dg 
Equilibrium compliance Je B, De 
Steady-state elastic compliance 
Glass modulus G, Ky E, 
Equilibrium modulus G, K, E. 
Viscosity Ns m1 
Retardation spectrum Lt) LAt) Lit) 
Relaxation spectrum Ht) H At) Hit) 


VII. DISCUSSION 


In this report a minimum of quantities has been defined. It is 
observed that time- or frequency-dependent quantities are system 
atically labeled, while limiting quantities are denoted by suffixes. 
In the system used in this report, the connection between linear vis- 
coelasticity and classical elasticity theory is apparent. For this rea- 
son, the more commonly used symbols for elastic moduli (G, K, EZ, 
and M) are adopted here. With regard to compliances, J is a gener- 
ally used symbol, as is also B. The symbol D has been adopted for 
longitudinal compliance, replacing the previously used symbol F, to 
which objection was raised. Similarly, the symbol for the “dummy” 
compliance k replaces the earlier symbol c. 

There are some difficulties with regard to nomenclature for the 
limiting values k,, m,,k,,andm,. The suffixes zero and infinity do not 
give rise to confusion in the analogous but not so complete system of 
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nomenclature for dielectric behavior; with linear viscoelasticity, 
however, their use is unjustified. The terms “initial” and “instan- 
taneous” modulus and compliance seem uncertain. For amorphous 
polymers the appropriate modulus and compliance are often ob- 
tained as limiting values when the timescale is short enough at any 
given temperature, the material behaving under these conditions as an 
organic glass. On this account the terms glass modulus and glass 
compliance have been chosen, and these quantities have been denoted 
by m, and k,. For other materials, for example, metals, another 
term would be preferable. It does not seem likely that a term for 
these limiting values suitable for all categories of materials can be 
proposed. For the other limiting values, namely, k, and m,, the terms 
“static” and “ultimate” have been suggested. Here again these do 
not seem to be an improvement over the terms proposed in this re- 
port. The letter suffix for the symbol should of course be related to 
the name adopted for the limiting value. For papers published in 
languages other than English, it would be desirable that the letter 
suffixes adopted be associated with the nomenclature for the limiting 
values in other languages. This desirable state of affairs would seem 
to be difficult to accomplish. 

In the case of nonlinear behavior, the term “‘viscosity’’ is sometimes 
used to denote the ratio of shear stress to rate of shear in general, 
while the limiting value at very small values of the parameters is 
denoted by a term such as “Newtonian” viscosity. Since in this re- 
port we are dealing only with linear behavior, it seezas that such a 
modifying term is unnecessary here. Objections have been raised to 
the term “dynamic viscosity’’ for m"(w)/w. Since this name is well 
established for a useful quantity, it has been adopted in this report. 

Much of the material of previous preliminary versions of this re- 
port has been eliminated. in line with the objective of def ning a mini- 
mum number of quantities in order to promote uniform methods of 
reporting data. In theoretical treatments it may be convenient to 
define further functions, for exemple: 


{k(t) — ky — t/n}/(ke — ky) 


It does not seem either necessary or desirable to standardize a nomen- 
clature for such quantities at this stage. 
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